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Page 12, 

Exercise 1. Let F be the other point in which the circles intersect. 

Draw the straight lines AF, BF, ^^ 

Then •.* ^ is the' centre of © BFD, 

,\AF=AB; 
and ',' Bis the centre of AFE, 

.-. BF=AB, 
/. AF=BF, and ABF is an equi- 
lateral A. 




Ex. 2. Let AB, CD be two given straight 
lines, of which AB is the less. p. 

Draw the straight line AE=CD, and with 
centre A and distance AE describe © EFH, 

Produce -45 to meet the Oce in jff. 

Then AH^AE, and .'. AH-^CD. 




C D 

Fio. 2. 



Ex. 3. With centre B and distance BC de- 
scribe © CDE, and from B draw aoy line 
BD to meet the Oce in I). 

Then BD^BC, 




Fio. 8. 
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Ex. 4. Let -45 be the given straight line on which the isosceles 
triangle is to be described, and let CD be the given straight line to 
which the equal sides of the triangle are to be equal. 

In AB, or AB produced, take 
AE=CD, 

In BA, or BA produced, take 
BF= CD. 

With centre A and distance AE 
describe the © EGH. 
With centre B and distance BF 

C D describe the © FGK, 

Pig. 4. Draw the straight lines AG, BG. 

Then '.• AG^AE, .'. AG=CD ; 
and •.• BG =BF, /. BG^CD; 
.*. AGB is a A described as was required. 

Page 20. 

Exercise 1. Taking the diagram of Prop. IX. 

•.• AE^AD, ,\ L ADE = z AED ; 
and •/ FD=FE, .'. z FED = z FDE ; 
.-. z ADE with z FDE = z .4 -EZ) with z i^^D ; 
.-. z ADF = z ^^J^. 
Then v AD^AE, and FD==FE, and z ^i>i?' = z ^.£?i?', 

.-. z ^^J?' = z D^i^. 

Ex. 2. If the vertex F fall within the triangle DAE, or wUhout 
the triangle D-4^, the proof given in the proposition will hold good. 
But if the vertex F fall on A, the construction will fail. 




Page 21. 

Exercise 1. In the a-4jB0, let AB=AC. 
Let AD bisect z .B^O and meet BC in JD. 
Then ',' AB=AC, and-4D is common, 
and z 5^D = z 0..4D ; 
.\BD=CD. 
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Ex. 2. In the diagram to Ex. 1, suppose that AD bisects BO 
inD. 
Then •.' AB=A(j^ and ^D is common, and BJ)~ CD, 

.-. z BAD = z CAD. 



Ex. 3. Let AB be the given straight 
line. 

Bisect AB in C, and with centre B 
and distance JBO describe the CDS, ^ 
Produce ^J5 to meet the Oce in ^. 

Then V BE=CB, 

.*. BE is one-third o? AE, 




Fro. 6. 



Page 22. 

Exercise 1. Taking the diagram of Prop. 
IX., let be the point in which AF and ED 
intersect. 

Then *.• AD = AE, and JLO is common, 
md L DAO -= I EAO, 
,'. DO=EO, And I AOD-= i AGE \ 
,'. AF bisects DE at right angles. 




Fio. 7. 



Ex. 2. Let DO, EO be two lines bisecting AB, AC, two sides 
of the equilateral ^ ABC a,t right angles. 
' Join AO, BO, CO. 
Then •.* AD=BD, and OD is common, 
and I ADO = z BDO, 
.-. OA = OB. 
Similarly, it may be shown that OA = 00. 

.'. OA. OB, 00 are all equal. Fia. 8. 




Ex. 3. In Prop. IX. we draw a straight line AF maldng equal 
angles with each of two straight lines BA , CA which meet. 
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In Prop. XI. we draw a straight line FG making equal angles 
with each of two straight lines CA^ CB which meet, and are in the 
same straight line. 

Page 23. 

Exercise 1. Because the point C might be in such a position that 
it would be impossible to draw from it a line perpendicular to AB. 




Ex. 2. In the L ABC let ^D be a perpendicular 
on BC bisecting it. 
Then *.• BD=CD, and AD is common, • 

and L ABB = z ADC, 
.\AB=AC. 




Fia. 10. 



Ex. 3. Let D, B, F be the middle points of AB,, 
BC, CA, the sides of an equilateral a . 
Then in As BAF, CBD, 

V BA = CB, and AF==BD, 
and z BAF = l CBD, 
.•.BF=CD, 
Similarly, it may be shown that BF=AE. 



Page 24. 



Ex. 1. 





Pio. 11. 
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Ex. 2. Let BAC be the given angle. 
Bisect L BAC by the straight line AD. 
Then bisect z BAD by the straight line AE ; 
and bisect z CAD by the straight line AF, B 




Ex. 3. Let ABC be the given isosceles triangle. 
Then since z DBG is half of z ^J?0, 
and z DCB is half of z ACS, 

.-. z 2>50 = z i)0J5, (Ax. 7.) 

and.-. i)5=i>0. B 




Fio. 13. 



Ex. 4. In the As FBD, DCE, 

'.'FB=DC,&ndBD=CE, 
and z i^J?D = z I>0^, 
.*. FD^ED, 
Similarly, it may be shown that jP2>= FE, 




Ex. 5. Let ^J?be the given straight line, C and D the given points. 

Join 0, 2> by the straight line CD \ and c 

bisect CD in ^^. 

Draw EF at right zs to CD, and let ^^ 
meet AB in jP. 

Join CF, DF. 

Then *.• CE=DE, and JE?F is common, 
and z C£7i^ = z /)^jP, 

.-. CF^DF. 

Note.—li C and D be so situated that the '^ ^ "^ \ B 

line joining them is perpendicular to AB, the ^ 

problem is impossible. ^^^^ ^^ 
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Ex. 6. Let ABC be the given A , having the 
angle ABC an acute l . 

Bisect BQ in E, and draw EB x to BC^ 
meeting BA or BA produced in JD. Join DC 
Then •/ BE= CE, and ED is common, 
and z BED = z Ci7i), 
.-. DB=DC. 



Ex. 7. In AS AFC, AGB, 

\' FA==GA, and AC=AB, and z jP^O = z G^^B, 
.-. ^0= 6?^, and z 5F0 = z CGB, 
Next, in as B^O, CGB, 

\' BF= CG, and FC= GB, and z J?FC = z C6?5, 

.-. z FBC = z 6^05, and z 50^ = z CJ5(?. 
From z i^J5C take z CBG, and from z GC^ 
take z ^CF ; 

then z i^BH = z G^OH. 
Then in As FBH, GCH, 
V L BFH = z CGH, and z FJ51f = z G^C^, 

andF5-0C, 
r. 5B^= CH, and Ffl = G? JJ. (I. B.) 
TheninAs^i^if, ^6?jy, 
•.• Ji^= 4(t, and ^jET is common, and jPff= 6r//, 
.\lHAF^ iHAG. 




Fig. 17. 



Ex. 8. Let AD cut BC in i:7. 

Then in as ABD, ACD, 
',' AB-AC, AD is common, and CD=BD^ 

.'. L GAD = z 5^i>. 
Then in /^s ACE, ABE, 

'.' CA = BA, AE is common, 

and z OlE = z .B^^, 

.-. CE=BE, and z ^J5;0 = z ^^^ ; 

.', AD bisects BC at right angles. 
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Ex. 9. To any point of the circumference FEB., 

Ex. 10. Produce AB^ AC two sides of A ABC to D and E, and 
let /. DEC = z ECB. 

In CE or CE produced take CF=BD, and a 

ioin DC, FB, FD. 

Then *.• DB=FC, and BC ia common, 

and z DEC = z ^OB, 

.-. DC=FB, and z -BDC = z CJ'^, 




and z 50i> = z O^i^. ^^Tl Z^:=AF 

From z OJ?I> take z CJ?F, and from z BCF 
take z 50i>, Fio. 19. 

then L FBI) = A DCF. 
Then •.* FB=^DC, and BD=^CF, and z jTOD = z D02^, 

.*. z BUF = z CZD, that is, z ^DJ* = z ulFD ; 
.-. AD=AF, and .'. AB^AC. 



Ex. 11. Since AC=AD, .*. z ^DO = z ACD, ^ 
and .'. z ADC is greater than z BCD ; much 
more is z £D0 greater than z BCD, 

Hence BC cannot be equal to ED, for then 
z BCD would be equal to z J5D0. A 




Fig. 20. 



Ex. 12. In AS BAE, DAC, 

V BA=DA, and AE^AC, 

and A BAE = a DAC, 

.'. L BE A = z DCA=Sb rt. angle. 




Fig. 21. 
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Fig. 22. 



Page 25. 

ExERasE. Let ABCD be the quadrilateral figure. 
Then zs AOBy AOD together = two rt. zs, 

and zs BOC, COD together = two rt. zs ; 

.*. the four zs at together = four rt. zs. 



Page 26. 

Exercise. The words upon the opposite sides of it are necessary, 
because without them the words the adjacent angles would have no 
meaning. 



Page 27. 

Exercise 1. Let EF be the bisector of z AED, and EG be the 
bisector of z BEC. 

Then •.• z AED = z BEC, 

.*. z CEO = z i^^D (Ax. VII.) 
.-.sum of iaAEG,AEF 

= sum of zs A EC, CEG, AEF, 
= sum of zs AEC, FED, AEF, 
= sum of zs AEC, AED, 
= two rt. zs ; 
.*. EF and EG are in the same st. line. 





Ex. 2. Draw EFi. to AE, and ^(3^ ± to CE. 
Then sum of z s (?j&F, GEA = a rt. z , 
=sum of z s ^^D, GEA ; 
.-. lGEF^ lAED, 



Fio. 24. 
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Ex. 3. In A 8 AED, BEC, 

V AE^BE, and ED=EC\ 

audi AED= i BUC, 

.*. the A s are equal in all respects. 




Fio. 25. 



Page 29. 

Exercise 1. If it be possible let AB, AC^ AD be three equal st. 
lines drawn from A to meet the st. line MN, 

Then V AB=^ AD, 

.-. z ABD=ADB. 

Now z ACD is greater than z ABD ; 

.*. z ACD is greater thanz ADB, that is, 
I ADC; 

.-. ^D is greater than AC, which is contrary m' 
to the hypothesis. 




Ex. 2. Let -FC' make with BD the z s FCB, FCD, of which FCB 
is obtuse and i^'OD acute. 

From F draw ^^x to BD : J?*^ must fall on 
the side of the acute angle. 

For if it fell otherwise, as FG, then would 
z FCE, an acute angle, be greater than the 
interior opposite z FGC, a right angle, which B 
is absurd. 




Page 31. 

Exercise. In the A ABD let z ABD^ z ADB. 
Then must AB^AD. For if not, let AB be 
greater than AD. Then will z -4JDB be greater 
than z ABD, which is contrary to the hypothesis. 
Similarly, it may be shown that AB is not less 
than AD. 

.'. AB^AD. 




^V^, «»- 
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Fia. 29. 



Page 32. 

ExERCiSB 1. In the A ABC let i ABC be obtuse. 

Then each of the other angles must be acute, 
and .*. AC must be greater than either of the 
other sides. 




Fio. 30. 



Ex. 2. Since i ACB ia greater than i ADC, 

.*. z ABC is greater than z ADC, 

that is, JL ABD is greater than z ADB, 

and .*. AD is greater than AB, 



Ex. 3. Draw AB, AC, AD from A to meet the straight line EF^ 
and let AB bex to EF, and let AC be nearer than AD to AB. 

Then since z ABC is a rt angle, 

.*. z ACB is an acute angle, 

.*. AC is greater than AB, 

Also, since z ACD is greater than z ABC, 

.*. z ^CD is an obtuse angle, 

and .*. z ADC is an acute angle, 

and .*. AD is greater than AC, 




Page 33. 

Exercise 1. Let ABCD be a quadrilateral ; and join AC. 

Then *.* AB, BC together are greater than AC, 
,', AB, BC, CD together are greater than 
AC, CD together. 
But AC, CD together are greater than AD ; 
.*. AB, BC, CD together are greater than AD. 

Fio. 82. 





Fio. 83, 



Ex. 2. Let ABC be any triangle. 
Then AB,AC together are greater than BC. 
Take from each AB, 

Then -40 is greater than the dijQference between 
BC and AB. 
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Ex. 3. Let be any pt. within, or outside, the quadrilateral ABCD. 
Then '.• OA, OB are together greater than AB, 
and OB, 00 „ than BC, 

and OG, OD „ than CD, 

and OD, OA „ than DA ; 

.*. twice the sum of OA, OB, OC, OD is greater b' 
than sum of AB, BC, CD, DA ; Fio. 84. 

.*. sum of OA, OB, OC, OD is greater than half the sum of AB, 
BC, CD, DA, 

Ex. 4. Bisect BC, a side of the A ABC in D, join AD, and produce 
it to E, making DE^DA. . 

Join EC. 

Then •.• BD = CD, and DA = DJF, and 
I BDA = z OD^, 

,\AB=CE, 
Now sum of ^C, CE is greater than J.^, 
.'. sum of AC, AB is greater than AE, that is, E 

than twice AD, ^'o 35. 

Page 34. 

Exercise 1. Produce AD to meet BC in J'', and join DB. 

Then sum of ^(7, CF is greater than ^jP. c 

.*. sum of AC, CF, FB is greater than sum of 
AF, FB, 

,\ sum of AC, CB is greater than sum of / ^ 
AD, DF, FB, 

But sum of DF, FB is greater than sum of A 
DE, EB ; Fto. 36. 

.*. sum of AC, CB is greater than sum of -4D, DE, EB, 

Ex. 2. Let be any point within the A ABC. Then— 

•.• sum oiAB, BC is greater than sum of OA,OC, 
and sum of BC, CA „ than sum of OB, OA , 
and sum of CA , AB „ than sum of OB, OC ; 

.*. twice sum of AB, BC, CA is greater than 
twice sum of OA, OB, OC ; 

.'. sum of AB, BC, CA is greater than sum of q* 

OA, OB, OC, Fio. 3T. 
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Next, •/ sum of 0-4, OB is greater than AB^ 
and ium of 0J5, OG „ than 50, 
and sum of 00^ OA „ than CA ; 
/. twice sum of 0-4, 05, 00 is greater than sum of AB, BG, GA ; 
»nd /. sum of OA, OB, 00 is greater than half the sum of -4-B, BC, GA . 



Page 35. 

ExERCiss. Take A and two equal st. lines, and take B a st. line 
Initial to one-half of either A or 0, and then proceed as in the 
Proposition. 

Page 41. 
Miscellaneous Exercises. 

1. Difference between MB and MN is equal to 
difference between MG and MN, and is therefore 
less than GN, 

that is, less than difference between A 0, AN, 
that is, less than difference between AB, AN. 

2. Since z ADB is greater than i GAD, 

.\ I A DB IB gr&n,teT tYiSLii A BAD ; 

.'. AB is greater than BD. 

Again, since z -4I>0 is greater than z BAD, 

.'. L ADG is greater than l DAG ; 

,\ AG\& greater than GD. 



3. Draw AE bisecting z BAG. 

Draw DE ± to AE, meeting AB and -40 in 
M and i^, and meeting -45 in i^. 

Then z ^-4Jlf = z 2^^iV^, and z ^JJ'ilf 
= z AFN, and -41^ is common to the a s 
^J^M, AEN, 

.\ AM=AN. 






Fia. 40. 
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n 



4. The construction is the same as in Ex. 3, and then l FMA 

= L FNA. 



5. Draw AD bisecting i BAC, and AE 
bisecting z BAG. E 

Then •/ sum of zs BAG, BAC=^two rt. zs, 
and z BAE=hB]f of z BA G, 
and z BAD=ha]f of z 5,40, 
.'. sum of zs BAE, BAJJ=& rt. z , 
that is, z -E7^2> is a rt. z . 




6. Let ABC be a triangle, having side AC greater than AB. 

Let AD, the bisector of z BAC, meet 50 in D, and let AE bisect 
50 in E, 

From^Ocut off ^-F= ^5, and join FD. 

Then '/ AB=AF, and -4D is common, 
and z 5^i) = z FAD, / \ \ -v^p 

.-. lAdf=- I abb, 

and .*. z ^Di^ is greater than z ADB, 
.'. z 4i>J& is greater than z -4^1), ^ 
.'. AE is greater than AD, 




7. From any one of the angular points of the A ABC, as A, draw 
AD to meet 50 in D. A 

Then z ^DO is greater than z 45D, and 
z -4I>5 is greater than z ulOD ; 

.'. sum of LB ADC, ADB is greater than 
sum of zs ABD, ACD ; «- g- 

.*. sum of zs ABD, ACD is less than two rt. zs, yiq. 48. 

that is, sum of zs ABC, ACB is less than two rt. zs. 




8. Since AB—AD, and AE is common, and 
z BAE = z D^5 ; 

.-. z ^5^ = z ^D^. 
But z ^Z)J& is greater than a ACB ; 
.', L ABE 18 greater than z ACB, 
that is, z -450 is greater than z -405. 






Fio. 46. 
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9. Let AD be the bisector of l BAC. 

Then, as in Ex. 2, we can show that AB 
is greater than BD, and that AO is greater 
than CD ; 

/. ABj AC together are greater than BC. 

10. Let AB be the given side. 
At A make i CAB =: one of the given ^s. 
At B make z DBA = the other given z ; 
AC and BD being drawn so as to lie on the 

same side of AB, 
Then AC, BD will, if produced, meet in some 
B pt. E. . (Post. 6.) 

.*. ABE will be the required A . 

11. Let D be any pt. in AE, the bisector of 
jlBAC. 

Draw DP, DQ ± to AB, AC 

Then •.' z 7)^P= z DAQ, and z DP-4 = z 1>QJ, 

b' e ^C *°^ ^-^ ^ common to the A s ADP, ADQ, 

Fio. 47. /. DP=DQ, 

Page 49. 

1. Through E, a point equidistant from the parallel lines AB^ CD, 
draw FEG± to AB and OD. Then FE=GE, 
Draw Jff^E^ meeting AB in JH" and CD in K, 

_Q Draw X^ilf meeting CB in X and AB 
in M. 

Then '.• z JE^XG^ = z JE^MF, 
L QTk D and z LGE = z JfZ^, and FE=GE, 

Fig. 48. .\ FM=LG. 

And ••• z J5;HP = z EE:C?, and z ^Pff = z EGK, and PJS:= G^^, 

.-. JffP=C?K 

.-. sum of FM, HF=s\im of LG, GK. 

. . HM^LK. 
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2. Let ADy the bisector of L BAG, meet BC in I>. 
Draw DE parallel to -48, meeting AG mE^ and DjP parallel to 
AG, meeting AB in F, 

Then •/ z ADE = z D^2^, a 

fmdiiADF= I DAE, 
.-. z ^DjE? - I AT)F, 

Then •/ z ^D^ = z ^Di^, 
and z DAE= l DAF, and ^i> is common, g q 

•'. I>E=DF. Pio 49 




3. Let EF, joining the parallel lines AB, GD, be bisected in 

and through draw JfO^ to meet -45 in A M r a 

M, and CD in J^. " ^ 

Then •.• z M£?0 = z JV2^0, 
md I EMO =- A ONF, and OE^OF; c r 

.-. MO=NO. Fio. 50. 




Page so. 

Exercise 1. Let A By AG be parallel to DE, DF respectively, 
and place them so that AG cuts DE in 0. a D 

Then •/ AB is || to DE, 
,'. L BAG = I AOD ; 
and V JC is II to DF, 

,\ iAOD = lEDF', -/ / "^^ F 

,\ iBAG^ lEDF. Fig. 61. 




Ex. 2. Let .A.B be X to GD, 
Join ^i> and draw DE x to AD, 
Produce CD to F. 
Then shall z B-iD = z JE^DF. 
For z ^DjP=sum of zs ABD, DAB ; 
.-. sum of zs ADE, EDF=s\im of ^ ABD, 
DAB; 
Also, z ADE^a, rt. z = z ^52) ; 

.-. z EDF = z D^J?. 
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Page 51. 

Ex. 1. Let A be the given pt., BG the given st. line, ^the given z. 

F A D Through A draw FJ) || to 

g. BC\ atul make z FAQ =^ i E, 
and let AG meet £0 in G, 
Them AGC = z FAG = z ^. 



/^ 



Fig. 63. 



Ex. 2. Let DE, 2^C? be the two || st. lines, and MN the given line. 
In FG take OP—MN, and with centre and distance OP 

A descr. a © cutting DE in jB. Join 

OR, and draw through A a st. 

line ^^0 II to OjB, meeting DE 

1^, .jsj in £and i^(r in 0, and join 05. 

p — G Then '.• z 500 = z I>50, and 

Pio. 64. ^ i)50= z 550 ; 

z 500 = z BRO, and z 050 = z 505, and 05 is common ; 

.-. BC=^RO=MN. 




Page 52. 

Exercise 1. Since any one of the angles is less than a right angle, 
the sum of the other two must be greater than a right angle, and 
therefore the sum of any two is,greater than the third. 



Ex. 2. Let ABC be an isosceles a, having 
AB=^Aa 
E Produce BA to D, and draw AE bisecting 
I CAD. 
Then z OJ^I>= sum of z s ABC, ACB, 
= twice z ACB ; 
.-. lEAG^ lACB, 

and .*. .45 is parallel to BC. 

Ex. 3. Sum of zs ABD, ACD, 

=sum of zs ABD, A ED, CAE, 
=:sum of zs ABD, AED, BAE, 
=8umo{i8AED,AED 
= twice z AED. 




Fio. 65. 
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Ex. 4. Let ABG be an isosceles A , having AB=AC, 
Produce BC to D, and let OB, OC, the A 

bisectors of the equal zs, meet in 0. 

Then z 00-B with zs OBC, OCB^ two rt. zs ; 

.-. JL COB with z ^Ci^=two rt. zs. 

But z ^CD with z ^aB=two rt. zs ; 

.-. aCOB=jlACD. 



Ex. 5. Let ABC be a A . Produce BA to D, 
and let ^^, the bisector of z CAD, be || to BC 
Then '.• z I>^^=interior z ^B(7, 

and z ^^C=alternate z -4CB, 
.-. lABC^^lACB, 
and .-. ^5=^a 





Fio. 58. 



Page 54- 

Exercise 1. Let ABCD be any 
quadrilateral, and produce AB to E, 
BC to F, CD to G, DA to H. 

Then, by Cor. 11., sum of exterior 
zs=four rt. zs, 

and, by Cor. i., sum of interior zs 
=four rt. zs. G 

.'. sum of exterior zs= sum of in- 
terior zs. 




Fio. 69. 



Ex. 2. Sum of the six angles with four rt. zs= twelve rt. zs, 
.'. sum of the six angles = eight rt. zs. 

Ex. 3. Sum of the five equal angles with four rt. zs=ten rt. zs, 
.*. sum of the five equal zs = six rt. zs, 
.*. each angle =f of a rt. z. 

Ex. 4. Sum of intr. zs with four rt. zs= twice as many rt. zs as 
the figure has sides. 

But sum of intr. zs in the figure = eight rt. zs ; 
.*. twelve rt. zs= twice as many rt. Zs as the figure has sides ; 

.'. the figure has six sides. 
B 
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Ex. 5. Let n represent the number of sides. 
Then Jxn + 4 = 2w, or, 7n + 16 = 8n; 



Page <fi. 

1. Let ABC be a A , and produce BA^ BC, and let OA, OC, 

the bisectors of the exterior zs, meet 
in 0. Draw OD, OJE, 0F± s to BA, BC, 
CA, or to these produced. 

Then •.• z DAG = i FAO, and 

I ADO = I AFO, and ^0 is common; 

.-. OD = OF; 

and •.* z OCE = z OCF, and 

z OEC = z 02^0, and OC is common; 

Fio.60. r.OF^OE. 




2. Let BJ.C be a right angle. 

On AC describe the equilat. A ADC, on the side 
of -4 C on which AB stands, and bisect z DAC 
^ by the st. line AE, 

Then •.* z D^0= J of two rt. zs, 
.-. iEAC=l of art. z, 
Q .'. z jE?^i>= J of a rt. z, 

Fio. 61. and .'. z DJ.jB= J of a rt. z. 




3. Draw BO, CO the bisectors of zs ABC, ACB meeting in O. 
Draw OD, OE, OF ± to AB, BC, CA, and join AO, 

Then we have to show that OA bisects 
^BAC. 

Now •.• z OBE = z 0£D, 
and z 0^5 = z ODJ?, and 05 is common, 
.-. OD=OE; 
C and •.• z OOJ?" = z OOjE?, and 

^ OFO = z 0^0, and OC is common, 
.-. OF=OE, and .-. OF=^OD, 




KEY TO ELEMENTARY GEOMETRY, 19 

Then •/ Oi^=OD, and AO \& common, and zs OFA^ OB A are 
rt. zs, 

.-. L OAD = z OAF, (See Cor. to Prop. E, page 43). 

4. Let OD, OE, bisecting AB, BC at rt. zs meet in 0. 

Join AO, BO, CO, and draw OF to ^ the middle point of AC. 
We have then to show that OF is ± to -4(7. a 

Now '.• BE=GE, and OF is common, 
and z OEB = z OEC, 

.', OB^OC, 
and *.• BD—AD, and OD is common, and 
z 0D5 = z ODui, 
.-. OB=OA, and .'. 0^ = 00. Pio. «8. 

Then •.• OA = 00, and OF is common, and FA^^FC, 
.-. z Oi^-4 = z OFC, and .\ 0^ is ± to -40. 

5. In A -450 draw AD ± to BC, and ^-B bisecting z 5^0. 
Then sum of zs ABC, BAE = z -4-BO, 

=sum of zs DAE, ADE, 

=sum of zs DAE, ADB, 

= sum of zs DAE, DAC, ACB, 

= sum of zs DAE, DAE, EAC, ACB, 
l^ow I BAE = I EAC, 
,; z ^50=twice z DAE with z ACB ; 





FiO. 64. 



.*. difference between z -450 and z il OB = twice z D-4^. 



6. •.• z BD-4 = z EDA, 
and z 5-4D =" z ^-42), and -42) is common, 

.-. BB-^ED, 




Pio. 66. 



7. Let -450 be a rt.-angled L, haying z 5-40 a rt. z. 
Make z BAD = z ^50 ; 
then z D-40 = z ACB, 
Then '.• z 5u4D = z -45i>, .*. AD^^DB; 
and ••• z D-40 = z JOA .'• AD=DC, 
.'. -45i) and -40D are isosceles triangles. 
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8. Produce BA^ DC to meet in J'. * 
Draw EM \\ to CD, meeting FB in M, 
In MB make MG==MF, 
Join 6?^ and produce it to meet FD in if. 

Draw MN \\ to 6?JT, and join MH. 
Then •/ z GMM = z MFJV, 
and z ilf(?^ = z -PJOT, and MG^FM, 
.-. MN^GE, 
Fio. 67. And •/ z ^Mff = z Mffi^, 

and z EHM = z NMH, and -Wfl" is common, 

and . •. EH= GE, 

9. Let R be the middle pt. of FQ. 
O (1.) If OR^PR, then z 120P = z 0Pi2, 

and 012 = CA and z 120Q = z OQB ; 
.'. L POC= sum of zs OPQ, OQP ; 
Fio. 68. .*. z POQ is a rt angle. 

(2.) If OR is greater than PR, then z iJOP is less than z OPU, and 
Oi2 is greater than QRy and z i^OQ is less than z 0Qi2 ; 

.'. z POQ is less than the sum of z s OFQ, OQP ; 
.'. z POQ is an acute angle. 

(3.) K OR is less than PR, then z IJOP is greater than z OPJ?, and 
OR is less than Qi^, and z i^OQ is greater than z 0Q12 ; 

.*. z PO^ is greater than the sura of zs OPQ, OQP ; 
.*. z POQ is an obtuse angle. 





Fiu. 09. 



10. Let J 5 be the given st. line. 

Describe on AB an equilateral triangle ACB, and 
produce -4C to D, making CD=^AC 

Join DBy this line shall be ± to AB, 

For 5(7, the line bisecting AD, is equal to the 
half of ^1); 

.*. .4Pi> is a rt. angle, by Ex. 9. 
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1. Let J.5(7D be a square, and BD a diagonal. 

Then •/ AB^AD, .'. l ABB = l ADB, and since 
sum of zs ABD^ ADB, BAD = two rt. zs, and 
z BAD is a rt. z, D 

.*. each of the zs ABD, ADB is half a rt. z. 




Fio. 70. 



2. Let AB, CD bisect each other in 0. 
Join AD, DB,BC,C A. 

Then •.• AO=^BO, and CO=-DO, 
and z ^00= z50D, 
.-. z OuiC = z OBD, 
.-. J.Ois||to5i). 
In the same way it may be shown that BC is || to AD, 

,\ ADBC is a O. 




Pio. 71. 



3. Let ABCD be a O, and let AO, DO, the 
bisectors of zs BAD, CD A meet in 0. 
Then '.• sum of zs BAD, CDA = two rt. zs, 
.*. sum of zs GAD, ODA^^l rt z, 

..-.z -401) is art. z. ^ 

4 Let ABCD be a O, and let AC bisect each 
of the zs BAD, DCB, 

Then \' A BAC ^ I CAD, 
and z 5^C = z ^CD, 
.-. z C^D = z ACD, and .'. AD=CD, 
Therefore all the sides of the O are equal. 




B 




Pio. 72, 




Fig. 78. 



5. Let ABCD be a quadrilateral, having z ABC = z uili^O, 
and z £^i) = z DCB. 

Then since the four angles together = four A B 

rt. zs, 

.*. sum of zs BAD, ADC— two rt. zs. 
and sum of zs ABC, BAD— two rt. z s, 
.-. AB is II to CD, and AD ia\\ to BC, ^T 
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6. Let ABCD be a quadrilateral, and let AB^CD, and AD^BC, 

B Join AC, 

Then •/ AB= CD, and BC=AD, 
and ^0 is common, 
.-. z 5(L4 = z DAC, and z 5^(7 = z ^Oi> ; 
Fio. 76. .*. AD is II to 50, and AB is || to CD. 




7. Let A BCD be a rhombus, and let z B^D be two-thirds of two 
rt. angles. 
Then z BCD = two-thirds of two rt. angles. Join AC. 

A 3 Then •.* BA^DA, and -4C is common, 

and 5C= DC, 
.-. z BAC = z DAC, mdiACB = z ^Ci>. 
Hence z 5^ C= one-third of two rt. angles, 

andz ^C5= one-third of two rt. angles, 

D C ,\ I J 5C= one-third of two rt. angles, 

and A ABC is equilateral 




Pio. 76. 



Similarly it may be shown that A ADC is equilateral. 



Page 6o. 




ExBRGiSE 1. Let the diagonals of the £Z? 
ABCD meet in 0. 

Then / z ABO = z CDO, 
and z 5^0 = z DCO, and -4JB= CD, 
.-. AO^COy 9Jid BO=-DO. 




Ex. 2. Let ABCD be a rectangle. 
Then in the as ^5C, DCB, 

v AB^^DCj and BC is common, 

and z ^£C = z DC5, 

.;. AC=BD, 



KEY TO ELEMENTARY GEOMETRY, 23 



Page 63. 

Exercise 1. Draw PQ || to AD and 50. 
Then •.* AFQI) iaB.nJ,.\^ PAD = A PQD ; 
and ••• FBCQ is a O, /. A PBC = A PQC ; 
.-. sum of AS PADy PBC = A PDC, 




Ex. 2. lACD = L BCD, because they are 
on the same base CD, and between the same 
parallels. 

Take from each A CED, 

Then A AEC = A BED, 



Fio. 79. 




Fig. 80. 



Page 64. 

Exercise 1. Let AD bisect BC in D. 

Then A ABD = A ADC, because they are on equal 
bases and between the same parallels, a line through 
A being assumed parallel to BC. b 




Ex. 2. In CA make CF=BD or AE. 
Join BE, DF. 

Then '.• DB=FC, and 5(7 is common, 

&nd I DBC= lFCB, 

r.d.DBC-'AFCB, ^' 

Now A FCB = A ABEy (I. 38.) g 

.-. aDBC^^lABE. 




Fxo. 81 



24 KEY TO ELEMENTARY GEOMETRY. 



Page 65. 



Exercise 1. Join CD^ and let it meet EP in 0. 
Then since A FEB = L ABC, take from each A BEG ; 

.\lEFC= lABE, 
Also, since A ABD = lACD, 

(L 37.) 
take from each A J.^i> ; 

,\lABE^ lEDG. 
.\£^EPG=aEDG, 
p Take from each A EOC ; 

.•.aOOP = A^OD. 
Add to each A DOP ; 

.•.APaD = aP-kd. 

.-. ^0 is II to PD. 





Ex. 2. Let the diagonals of the quadrilateral 
ABGD intersect in 0, and let A ^05 = A DOG. 
Add to each A BOG. 
Then A ABG = A £i>(7, 

and.-. -4D is II to 50. 



Fio. 84. 



Page 66. 




Fio. 86 



Exercise 1. Let D and E be the middle pts. of 

AByAG. Jom DE. 

£ Then A GDE = A ADE, (I. 38.) 

and A BDE = A ^Dj& ; (I. 38.) 

.•.ACD^ = A£i)^. 
C 



.-. D^ is II to BG. 



(I. 39.) 




KE V TO ELEMENTAR V GEOMETR Y, 25 

Ex. 2. Let D, E, F be the middle pts. of AB, BC, CA. 
Join DE, EF, FD, 

Then jDi?^ is II to 50, 

and FE is || to AB, 

/.DBEFis&nJ; 

.\£^DFE == lDBE, 
^oytlADF = lBDE, V FE is || to ^5 ; 
mdd^FEC = /^DBE, v DFia\\ to BC; 

.'. the four triangles are equal 
Also note that DF = BE = the half of BC, 



Page 67. 

Exercise 1. Let ABCD be the ZU, the pt without. 
Join OA, OB, 00, OD, Through draw 
EOF\\ to AB, meeting D^, CB produced in 
j&andl^'. 

Then A ODC = half of O EDCF, 
and A OAB = half of CJ EABF, 
.'. difference between A ODC and A OAB = „ g- 

half of O ^50D. 

Ex. 2. Take 0, any pt. within the O ^50D, and join OA, OB, 

OC, OD. A_£ B 

Through draw EOF \\ to AD. 

Then LAOD = haX{ of CJ ADFE, / ^ 

and A 050= half of CJ EBCF, 
.-. sum of AS AOD, OBC= half of O ABCD. 

Similarly, sum of as AOB, COD = half Fig. 88. 

of O ABCD. 

Page 68. 

Exercise 1. Let ABCD be the given O, M the given z. 
Produce ^JB to ^ making BE=AB. 





Make z FAE = z Jf, and let ^ J' meet / L-^^ / 
DCoTDC^TodMcedmF,a,nd}omFE,BF. /^.--'"y'^ ^ 

ThenA^F^isdoubleof A^5i?^, fiT^^B E 

and O ^50/) is double of a ABF ; fig. 89. 

.-. A AFE=^CJABCDy and has an z FAE = lM. 
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Ex. 2. Let ^50 be the given A. 

Draw AD || to BQ^ bisect BQ in 0, and with centre and distance 

equal to half the sum of BA^ AC, describe 
■^ a circle cutting ^i> in ^, and join OE, 
and through C draw CF \\ to OE, meeting 
^Din2^. 

Then EOCF is a O, the sum of whose 
sides is equal to the sum of the sides 
oiLABC, 
for sum of OE, OF = sum of AB, AG, 
and sum of 00, EF^BG. 
Also O EOGF = A u450, since OG=\'BG, 

Ex. 3. Let ABG be an isosceles a . Draw AG i. io BG, then A 

bisects BG. Complete the rectangle AGGD. 

Now AG is greater than AG, \' i AOG is a 
rt. I ; and .'. AB is greater than GD, 

Also, ^D, GG together = BG, 

,'. sum of AB, BG, GA is greater than sum of 
AG, GG, GD, DA. 




Page 69. 

ExBRasK 1. If be not in J.0, let it lie on the side of J. nearest 
to B, and let the line drawn through || to £0 cut AG in P. 

Through P draw another line || to GD. 
,C Then CJBF^HJPD; (I. 43.) 

. •. £7 GB is less than O OjD, which is contrary 
to the hyi)othesis. 

Similarly it may be shown that does not 
lie on the side of AG nearest to D, and .'. 
will be in AG. 

Ex. 2. Complete the O GBFN. 
Draw through M a line || to DN, meeting 
^ ADinP, and ^j!V in R. 

Then O DM=CJ MF. (I. 43.) 

Now CJ DM^ twice A MDG ; (I. 34.) 

and O MF =twice a M7?Ji/ ; (I. 41.) 




Pio. 92. 
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Miscella/neous Exercises, 

1. Let ACj & diagonal of the quadrilateral A 
ABGD, bisect the other diagonal, BDy in 0. 

Th&av BO=^DOy,\ lAOB= A AOD; | Ng 

and •/ BO=DOy /. A COB-=^ A COD ; 
.-. sum of AS AOB, COB=sxim of as AOD, COD ; 

.-. L ABC = A ADC, 

2. Let the diagonals of the O A BCD meet in M. 
Take any pt. in DJB, or in DB produced, j^ 

and join OA, DC, 
Then •/ MA=MC, (Ex. 1, p. 60.) 

/. aMAB^ aMCB, 
and A Mi40= A JfOO; 
.-. aAOB= a cob. ^ p,Q 9^ ^ 

3. Let ABDC be a trapezium, having ^£ || to CD. 
Let Jlf , ^ be the middle pts. of AB, CD, and 

join MN, AN, BN. 

Then •/ AM=^BM, .\aAMN= aBMN; 
and •/ CN=DN, .'. a ANC=^ aBND ; 
.*. sum of AS AM]SI',ANC=SMm of as BMN, 
BND. 

.\ fig. ^GZOf =fig. BDNM. Fw. »5- 



4. Sum of AS CPD, BPC=^. DPBC 

=sum of AS CDB, BPD, 
Now A CDB=^CJ ABCD, 
= A ABC, 

=8um of AS APB, BPC, APC; 
.'. sum of AS CPD, BP0=8um of as -4P5, 
BPC, APC, BPD ; P^ 

.*. A CPi)=8um of AS -4PB, APC, BPD ; Fio. »«. 

.-. difference of as CPD, APB^snm of as APC, BPD. 





C 
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5. Let ABCD be a O, and let AC=AB. 

Now since each of the equal angles in an isosceles 

A must be less than a rt. z , (L 17.) 

.'. z ABC is less than a rt. z ; 

.'. I BAD is greater than a rt. z. (I. 29.) 

^B /. BD is greater than AD or AB, (I. 19, Ex. 1.) 




Pio. 97. 



.*. BD is greater than any side of the figure. 



6. Let ABCD be a O. 

Draw EF, FG, GE, HE through A, B, 0, D || to the diagonals 
of CJ ABCD. 
Then '.• EF and HG are both \\ to BD; 

.\ EF iB\\ to HG. 
Similarly F6? is II to ^H ; 

,\EFGHiaACJ. . 
Let be the intersection of AC and BD. 
Then O A OBF = twice A ^ 05, 
O BOCG =twice a BOO, 
O CHDO=^twiceLDOC, 
O DO J.^= twice A jDO^ ; 
.-. O EFGH=tyfice EJ ABCD, 




Fio. 08. 



7. Let ABC, DEF be two as having AB=DE, AC=DF, and 
z 5^0 the supplement of z FDjE'. 

Complete the O ABCG, and join J. 6?. 
Q Q p Then z 5^0 is the supplement of 

lABG. 

.-. z -45Gt = z ^DE', and AB=DB, 
mdBG=FD; 
.-. aABG=^aEDF, 
But A ABC = aABG; 

.\aABC^aDEF, 

8. Let J150 be the given A , an^ P the given pt. in A C. 

Bisect BC in D, join J.i>, PD, and draw 

AE II to PD. 
Join ^E, cutting AD in 0. 
Then shall PJ^ bisect the A ABC 
C For / AE is || to FD, .'.aAPD = A^PD ; 
Fio. 100. take from each a FDD ; then a A OP = A EOD, 
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Also, •.• BD = CD, .-. A ABD = a ACJ), of which the ports AOP, 
EOD are equal, and /. fig. ABEO = fig. FODG ; 

.-. sum of ABEO and A ^ OP = sum of FODC and A EOD ; 

.-. fig. -4Bj&P = aP^C. 



9. Since A AEC = A u4P^ 

= aEBD; 
,\ lABG^ lADE. 



(I. 38.) 




B D 

Fig. 101. 



10. Take the diagram of I. 43, and join EG, HK: j^ 
these lines shall be 11. 



Join HE, KG. Hi 

Then *.• AF=^FG, /,/^HEF= aKFG ; add to 
each A HKF. 

Then L HEK =^ di HGK I B K c 

and .-. ^6? is II to HK. Pio- 102. 




H 





A 




C 


D 




Pig. 108. 





Page 73. 

Exercise 1. Let AB, GD he the two G 
given lines. F A B 

Draw EF=GDy and from E draw 

EG=AB and ± to EF. Complete 
the rectangle EFHG, which will be 
described as required. 

Ex. 2. Let ABGDy EFGH be squares on equal st. lines AB, EF. 

Apply EFGH to ABGD, so that E 
lies on A and EF on AB, then *.• EF C 
^AB, 

F will coincide with B, 

And since z DAB = z H^P, ^^ 
will fall on AD, and since EH=AD, ^ 
H will coincide with D. Similarly it 
may be shown that G will coincide with C. 

.*. EFGH coincides with and is .*. equal to A BCD. 
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Ex. 3. Let ABCD, EFGH be equal squares (diagram of Ex. 2). 

Apply EFOR to ABCD, so that E coincides with A, and EF faUa 
on AB and EH on AD ; then must F coincide with B. For if F 
falls between A and B, then H falls between A and X>, and O will 
fall inside ABCD, and ^2^(?^ will be enclosed by ABCD, which 
is impossible. And if F falls on AB produced, then will fall 
outside ABCD, and ABCD will be enclosed by EFGH, which is 
impossible. 

/. F will coincide with 5, and .'. EF^AB, 




Fio. 106. 



Page 7S 

^ ExERcisB 1. Let ABCD be the given square, AC 
a diagonal 
Then ABC is a right-angled a , 

and sq. on ji(7=sum of sqq. on AB, BC, 
= twice sq. on AB, 
= twice the given square. 



Ex. 2. Let A, B, Che three given lines. 

1^ Take EF = A, and from F draw 

FG=B, and ± to EF, 
Q Join EG, Then sq. on j&0=sum 
of sqq. on A,B, 

£ ^ From 6? draw 6?ir=0,and-Lto EG. 

Fio. 106. Join j&H". 

Then sq. on EH =sam of sqq. on EG, GH, 

=sum of sqq. on A, B, C, 



B 




Ex. 3. Let ABC be a triangle, having z ACB equal to the sum 
of the other two angles. 

Then z ^05 is a rt. z . (L 32.) 

Also since the sum of the squares of 4 and 3 is 
16 + 9, or 26, and since the square of 5 is 26, -4 J5 
must contain five parts each equal to one of the 
Fio 107 ^ equal parts into which BC and CA are divisible. 
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Ex. 4. Sum of sqq. on AC, 5(7= sq. on AB, 
= sq. on DE, 

= sum of sqq. on DF, EF. 
But sq. on -4C=sq. on DF ; 

.'. sq. on 5C=sq. on EF ; 
.-. BC^EF, and .-. the triangles are B 
equal in all respects. 

Ex. 5. Let AB be the given st. line. Draw ^C± to AB, and 
make J. 0= -45. Join GB. Bisect z5(M by CD meeting AB in 
D, and draw D-Kx to BC. 

Then *.• z J.GD = i ECD, and z CAD = z C£;L>, 
and CD is common, 

.-. AD=DE. 
Also, since z 55i)=half a rt. z = z EDB, 

.-. EB^DE. 
Then sq. on jDJ5=sum of sqq. on DE, BE, 

= twice sq. on DE, 
= twice sq. on DA, 

Ex. 6. Let ABC be a right-angled l , having ^ 
z J.50 a rt. Li 
Draw -4D to meet BC in D. 
Then sum of sqq. on BC, AD 

=8um of sqq. on BC, AB, BD, 

= sum of sqq. on AC, BD, 




Pio. 109. 




Ex. 7. Let ABC be any triangle, and let AD be drawn at rt. 
angles to BC, A 

Then '.• sq. on J. (7= sum of sqq. on CD, AD, 
and sq. on -45= sum of sqq. on BD, AD ; 
difference between sqq. on AC, AB 

= difference between sqq. on CD, BD, B 




END OF BOOK I. 
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BOOK II. 



Page 78. 

Exercise. Let AB be divided into any number of parts in 
Ey F, G; and let AC he divided into any number of parts in 

A E F G B Place AC to make a rt. z with AB, 

"^ Through E, F, G, B draw lines || to AC. 
Through H^ K, C draw lines || to AB. 
Then the proof is the same as that in 



H 
K 


























C 











Pig. 112. 



Prop. I. 



Page 79. 



G 

Pig. 113. 



B 



H 



On AB describe a square ABCD. 

Bisect ABf AD in the pts. E and F. 

Draw EG \\ to AD, and FH \\ to AB. 

Then the square ABCD is divided into four 
squares, each of which is equal to the square on 
AE. 

.*. sq. on AB=io\iT times sq. on AE. 



Page 81. 

Exercise. Let ABC be the a , BAC the rt. z. 
Draw AD ± to BC. 

Then sq. on BD with sq. on CD with twice rect. 
BD, DO=sq. on BC (II. 4.) * 

=sq. on BA with sq. on CA, 
= 8um of sqq. on BD, DA, DA, CD ; 
"C .*. twice rect. BD, D0= twice sq. on DA ; 
.*. rect. BD, l>C=sq. on DA. 
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Page 84. 

Exercise. In Prop. V. AT) \% the sum of JO, CD, 

BE is the difference of AC, CD ; 
.*. rect. ADj DB= difference of sqq. on AC, CD, 
or, rect. AD, DB with sq. on CD=sq. on AC, 

In Prop. VI. AD is the sum of CD, AC ; 

.-. AD is the sum of CD, CB, 

DB is the difference of CD, CB ; 

.'. rect. AD, jD5= difference of sqq. on CD, CB ; 

or, rect. AD, DB with sq. on 0£=sq. on CD, 



Page 85. 

Exercise. Since z CGB='\iqM a rt. z, 

and I CQH^A rt. z, H 

and I HGD=ha]£ a rt. z, 
.-. sum of zs CGB, CGH, HGD=two rt. zs; 

.*. BGD is a st. line. ,. 



S^ B 



Fio. 116. 



Page 89. 

Exercise. By II. 7 

sq. on -45 with sq. on 55"= twice rect. AB, BH with sq. on AH, 

= twice sq. on AH with sq. on AH, 
= three times sq. on AH, 



Page 90. 

Exercise. Let ABCD be a trapezium, having AB \\ to CD. 

Draw AE, BF ± to CD, or CD produced. 

Then sq. on J.(7=sq. on AD with /^ 
sq. on CD, with twice rect. CD, DE ; 
and sq. on 5D==sq. on BC with sq. on 
0I>, with twice rect. CD, CF, 

.*. sqq. on AC, £i>=sqq. on AD^ 
J5(7with twice sq. on CD with twice 
rect. CD, DE, with twice rect. CD, Ci^. 

C 




Fig. \\^. 
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Again, rect. AB, CD = red. EF, CD=rect. CD, DE, with rect. 
CD, CD with rect. CD, CF, (II. l.) 

.*. twice rect. AB, CD = twice rect. CD, DE with twice sq. on CD 
with twice rect. CD, CF ; 

.*. sqq. on AC, J5D = sqq. on AD, BC with twice rect. AB, CD. * 

Note. — The angles at Oand D have been drawn as obtuse angles. If 
either or both be acute angles, the proof is similar, but it will depend 
on Prop. XIII. with, or instead of, Prop. XII. 



Page 91. 

Exercise. Let ABC be any a, AE the ± from A on BC, AD the 
A line drawn from A to bisect BCin. D, 

Then sq. on ^J5=sqq. on BD, AD dimi- 
nished by twice rect. BD, DE ; and sq. on 
J. (7= sqq. on CD, AD increased by twice 
rect. CD, DE ; 

.*., observing that BD= CD, 




E D 
Pig. 117. 

sum of sqq. on AB, J. (7= twice sum of sqq. on BD, AD. 



N.B. — This theorem is of great importance, and it will be frequently 
referred to. 



Page 93. 



Miscellcmeous Exercises on Booh II. 



1. Let I BAC be a rt. z, and let AD be ± to BC. 
Then, since L ABC is an acute z, sq. on AC with twice rect. 

BC, JBi>=sqq. on AB, BC (II. 13.) 

=sqq. on AB, AB, AC ; 
.*. twice rect. BC, JBD = twice sq. on AB ; 

.'. rect. BC, BD=sq. on AB. 
Similarly it may be shown that rect. BC, CD 
=sq. on AC, 




Fio. 118. 
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2. Let ABGI) be a O, and draw AEy BF ± to DC or DC pro- 
duced. Then DE= CF, A B 

Now sq. on AG = sqq. on AD, DC 
diminished by twice rect. CD, DE, and sq. 
on J5I> = sqq. on BC, DC increased by twice 
rect. CD, CF ; DEC 

.*., observing that AB=DC, Fig. h9. 

sum of sqq. on AC, BD = sum of sqq. on AB, BC, CD, DA. 




3. Let A BCD be a rectangle, and let the diagonals intersect in P. 
Then they bisect each other, and AP, BP, CP, DP are all equal 

(I. 34, Ex. 1 and 2.) 

Join OP, Then, as is proved in the Ex. to /\ g 

II. 13, sum of sqq. on AO, 00= twice sum of 
sqq. on AP, OP ; and sum of sqq. on OB, OD 
= twice sum of sqq. on DP, OP, 
.*., since AP=DP, 

sum of sqq. on AO, 00= sum of sqq. on q 
OB, OD, Pio- 120. 




4. In the CJ ABCD, let BD=DC=AB, 

Now sum of sqq. on A 0, DB 
= sum of sqq. on AB, BC, CD, DA (Ex. 2.) 
= 8um of sqq. on DB, BC, DB, BC ; 
,', sq. on ^0=sq. on DB with twice sq. on BC; 

,', sq. on DB is less than sq. on -40 by 
twice sq. on BC, 




Fig. I'il. 



5. Let D be the side of the given square. 
Draw BE=D at rt. zs to AB, 
With centre A and distance AE describe 
a , and let AB produced meet the Oce in 0. 

Then rect. contained by the sum and dif- ^^ 
ference oi AB, AC, 

= difference of sqq. on AC, AB, (II. B.) 
= difference of sqq. on AE, AB, 
=:sq. on BE==8q, on D, 




Fio. 122. 



36 KEY TO ELEMENTARY GEOMETRY. 



6. Let ABCD be a quadrilateral, and let 0, P be the middle pta. 
of its diagonals. Join OP, BP, DP. 

Then by Ex. to IL 13, 
sum of sqq. on AB, BC = twice Bom of sqq. 

on BPy CP ; 
and snm of sqq. on CD, DA *= twice sum of 
sqq. on DPy CP ; 
.'. sum of sqq. on the four sides =» twice snm 
of sqq. on BP, DP with four times sq. on CP. 
But sum of sqq. on BP, DP = twice sum of 
sqq. on BO, OP; (H. 13, Ex.) 

.'. sum of sqq. on the four sides = four times sum of sqq. on BO, 
OP, CP. 
Also, sq. on AC = four times sq. on CP ; (IL 2, Ex.) 

and sq. on BD = four times sq. on BO ; (IL 2, Ex.) 

.'. sum of sqq. on the four sides = sum of sqq. on diagonals with 
four times sq. on OP. 




Fio. 123. 




7. Let ABC be a A , and AD the ± from A 
on BC, and let sq. on -4D=rect. BD, DC. 

Then sq. on .50= sum of sqq. on BD, DC 
with twice rect BD, DC, 

=8um of sqq. on BD, DC, DA, DA, 

= sum of sqq. on BA, AC ; 

.*. I BA is a rt. angle. (I. 48.) 




Pio. 126. 



8. Let AB, ^ be the given lines. Place 
them so as to be at right angles to each other. 
Join BC. 

Draw CD ± to BC, meeting BA produced 
inD. 

Then, by Ex. to II. 4, 

rect. BA, -4D=sq. on AC. 



9. Divide AB in any points C, D. 

On AB describe the sq. ABEF. 

In ^^take AQ'^AC, and GH^CD, then HF^BD. 
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Divide AE into nine rectangles by drawing lines from 0, I> || to 

AC D B 



A¥, and lines from G, B. || to AB, 
Then 1, 2, 3 are the squares on AQ^ CD, X)JB, 
4, 5 are the rect. AG^ CD, 
6, 7 are the rect. AG, DB, 
8, 9 are the rect. CD, DB ; 
.*. sq. on AB^^MJSL of sqq. on AG, CD, DB 
with twice the rectangle contained by the parts, 
taken two and two. 



/ 


5 


7 


4 


2 


9 


6 


8 


3 



Fig. 126. 




10. Let ABCD be a quadrilateral, and E, F, G, H the middle 
points of its sides. A E B 

Then '.• EF joins the middle pts. of 
AB, CB, 
.-. EF is II to AG, and AC=twice EF. 

(I. 40, Ex. 1.) 
Sunilarly, EG is || to AG, and EH, FG 
are II to BD, and .'. EFGH is a O. 

Now sq. on J. 0= four times sq. on EF. ^ 

(II. 2, Ex.) PiO'127. ^ 

.*. sum of sqq. on AC, jBD=four times sum of sqq. on EF, FG, 

= twice sum of sqq. on EF, FG, GH, HE, 
= twice sum of sqq. on EG, FH. 

(By Ex. 2.) 

11. Let ABC hea. £^,D,E,F the middle points of BC, CA, AB. 
Then sum of sqq. on AB, ^0= twice sum of sqq. on AD, BD, 

sum of sqq. on AC, CB= twice sum of sqq. on CF, BF, 
sum of sqq. on CB, .45= twice sum of sqq. on BE, AE ; 

.'. twice sum of sqq. on AB, AC, CB= twice A 

sum of sqq. on AD, CF, BE with twice sum of 
sqq. on BD, BF, AE ; 

.*. four times sum of sqq. on AB, AC, CB 

= four times sum of sqq. on AD, CF, BE with 

four times sum of sqq. on BD, BF, AE ; ^ Fio 128 

.-. four times sum of sqq. on AB, AC, OJB=four times sum of sqq. 
on AD, CF, BE with sum of sqq. on CB, AB, AC ; 

.'. three times sum of sqq. on AB, AC, C5=four times sum of sqq. 
on AD, CF, BE. 
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12. Sum of sqq. on CD, DA = sq. on 0-4, 

= 8q. on AB^ 
— sum of sqq. on 
AD, DB with twice rect AD, I)B ; 

.*. sq. on Ol^^sq. on DB with twice rect. 
B AD.DB. 



13. Since CD bisects AE, 

A sum of sqq. on A C, CE = twice sum of sqq. on CD, DE; 
and since CE bisects BD, 

sum of sqq. on JBO, 0X>= twice sum of sqq. on CE, DE. 
.*. sum of sqq. on AC, BC, CE, CD = twice sum of 

sqq. on CD, CE, DE, DE ; 

B Fio. 180. C . *., observing that sq. on AB = sum of sqq. on A C, BC, 
sq. on ^JB=sum of sqq. CD, CE, DE with three times sq. on DE, 
Now since DE is one-third of AB, the sq. on DE is one-ninth of 
sq. on AB ; 

.'. two-thirds of sq. on -4^= sum of sqq. on CD, CE, DE. 

14. Let ABC be an isosceles right-angled a, 
having BA=AC, and z BAC the rt. z. 
Draw AD ± to BC 
Then AD bisects z BAC and also jBC 
.\/.DAC= lACD, 
and .-. DC=DA. 





6^ 

Fio. 181. 

.*. sq. on ^0=four times sq. on 1)0= four times sq. on DA. 



15. Let AB be the given st. line, and M the other line. 

Bisect AB in C, and on ^J^ describe the 
semicircle ADB. 

Draw BE=M, and ± to J.J5 ; and draw 
EG II to J5^ to meet the semicircle in G; and 
draw GF\\ to EB. 
Then rect. AF, FB with sq. on FC 

=sq. on CB (II. 5.) 

= sq. on CG, 

= sum of sqq. on CF, FG. 
.'. rect J^, FB =aq. on 1^6?, 

=sq. on JIf. 




Fio. 182. 
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Loci on page 104. 

(1.) A circle described with the given pt. as the centre, and the 
given distance as the radius. 

(2.) A straight line parallel to the given line. 

(3.) A straight line parallel to the given line. 

(4.) A straight line bisecting the angle. 

(5.) A circle described with the centre of the given circle as its 
centre, and with a radius equal to the sum of the radius of the given 
circle and a straight line, equal to the given distance. 

(6.) Two straight lines bisecting the vertically opposite angles. 



Page 116. 

Miscellaneoris Mxercises on Books L and IL 

1. Let AB, CD intersect at right angles in 0. 
Then *.• A0=OBy and OC is common, and 
i AOC ^^ i BOCy 

.'. AC=CB ; and similarly it maybe shown that A 
AC^AD^DB^CB, 

Again *.• OA = OC, .*. z OCA = z OAC-, 

.*. z 0-4(7 is half a rt. z. 
Similarly, z OAD is half a rt. z, 

.*. z CAD is a rt. angle ; aud .*. ACBD is a square. 




2. Let ABCD be a O, and P a point in AB, 

Bisect BD in F ; join PF, and produce it to meet DC in E, 

Then '.• z FPB = z FED, 

and z FBP = z FDE, and FB^FD, 
,\ A PFB^ aEFD. 
Aho A ABD = A BDC, 
.-., by subtraction, fig. ^Pi^D= fig. BFEC; 
.*., adding the equal as FDE, FBP, 

fig. APED=^, BPEC, 
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3. Produce DC to E, making CE=DE, and join EF, 

Then *.• I)C= EC, and CF is common, 
• and L FCD = z FCE, 
.'. FD^FE. 
NowzJ^'D^isf ofartz, 

.-. zi'iJ^D is f of art. z, 
and .*. z DJ?"^ is f of a rt. z, 
/. FDE is an equilateral A ; 
.\ FD^DE^tyvice DC 




Fia. 135. 




4. Let ADy BE, CG the xs on the sides meet in F, which is proved 
on p. 56, Ex. 4. 

Then, since z -4i^5 is an obtuse z , 
sq. on AB= sum of sqq. on AF, FB with twice 
rect. AF, FD. 
^^ Now AF'=BF=CF ; and jBF= twice J^'D ; 

(Ex.3.) 
.*. sq. on ^JB=sum of sqq. on AF, AF with 
^ twice half the sq. on AF, 

= three times sq. on AF. 

5. Let ABC be the given A , and BC the side to which each side of 
the rhombus shall be equal. 

Draw AD ± to BC : bisect AD 
A in ^ : draw EF \\ to BC, and with 

centre B and distance BC describe 
H Fa© cutting EF in 0, 

Join GB and draw OH || to 61^5 : 
then GBCH is a rhombus, and area 
of GBCH = rect ED, BC^^ rect. 
AD, J50=area of A ^jBO. 
Note. — The problem is impossible if BC be less than ED. 

P 6. Let A be the given point, BC the given 
St. line, D the given angle. 
Take E any point in BC, and at E make 

g Q E~^Q z FEC= L D. Through A draw AG \\ to ZE, 

meeting BC in 63^. 
Then z ^6?C = z i^^O = iD. 





Fig. 138. 
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7. Let -4, J5 be the given pts. ; DE the given line. 
Draw AD ± to DE^ and produce AD to C,* making DG^DA. 
Join J5C cutting DE in 0. Join -40, and from any other pt. F in 
DE draw ^P, BP, Then shall -40, OB be together less than AF, 
FB together. 
For •.' AD=CD, and OD is common, 

and L ADO = z 02>0, 
.-. ^0=00 ; and similarly AF=CF, 
Also, I AOD = z COD = z BOP. 
Now sum of AO, OB=sum of CO, OB 

= CB; 
and sum of AF, PP=sum of CP, PJ5, 
which is greater than CB ; 




Fio. 139. 



.*. sum of AF, FB is greater than sum of .40, OB. 



8. Let OF cut AB in M, and let 0§ cut CD 
inN, 

Then z QOD is supplement of z QOP. 

Now the diagonals of a O bisect each other, 

and /. DO=^OB, and MB=i AB=\DG--DN. 

Hence in as DON, MOB, 
\' i)0=PO, and MB=DNy and z MBO = z ODJV, D 

.-. z M)B =- z DON; that is, z P0J5 = z ^OD ; 

.-. z P0J5 is the supplement of z ^OP,and .*. P0§ 
is a St. line. 




9. iSTmce is the middle pt. of BD, and OF 
is II to BK, 

.'. P is the middle pt. of DK. 
.\aBKF^ aFBD; 
.*. A P^jK:=sum of AS PZP, P^P, 
=sum of AS FBDy FBC, 
= A DPC diminished hjhDFC, 
= A ^PC diminished by a FBC 

(See Ex. 2 on p. 72.) 
= A ABF, 




Fio. 141. 
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10. Let the alternate sides of the polygon ABODE be produced to 
meet in F, G, jff, K, L. 

F Then sum of intr. is ABC, BCD, CDE, DBA , EAB, 

= sum of z s BFC, FCB, CGD, GDC, DHE, BED, 
c ERA, KAE, ALB, LBA, 

=sum of zs FCB, GDC, BED, KAE, LBA, 
G together with zs at F, G, H, K, L, 

=four rt. zs together with zs at J", G, H, K, L, 

(I. 32, Cor. 2.) 




K E 
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11. Take the diagram of II. 14. 
Then perimeter of rect. BEDC= two BF, 

=four BG, 

={outGB:; 

and perimeter of sq. on H^=four HE ; 

.', since GR is greater than HE, perimeter 

of rect. BCDE is greater than perimeter of sq. 

on BE. 




12. Let ABCDEF be an equiangular hexagon. 
Join DA, 
Then z ABC=^ of a rt. z , (P. 55, Ex. 2.) 

C and z BCD=^ of a rt. z , 

and sumof lsABC,BCD, CDA,DAB=iom rt. zs; 

(I. 32, Cor. 1.) 
.-. sum of zs CD A, DAB=^ of a rt. z = z CDE; 
.'. L EDA = z DAB, and .*. ED is || to AB, 




13. Let AC, BDf equal st. lines, intersect at rt. zs 
inO. 
B Complete the quadrilateral ABCD, 

Then twice area of A ^50= rect. AC, BO, 
and twice area of A ^jDO=rect. AC, DO ; 
.*. twice area of -451)0= rect. AC, BD, 

= sq. on AC. 
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14. (1.) Let AG^BB, and AD^BC, 

Then as ADCy BDG are eqaal in all respects, 
and .-. CD is II to AB, (I. 39.) q p 

(2.) Let AC=BC, and AD=BD. 

Produce CD to meet AB in E, 

Then, as in (1.), As ADC, BDG are 
equal in all respects, A B A 

.-. L BOA - L BCD, and .-. O^is j. to AB. Fio. uo. 





15. Bisect z ABC by JBJ^, meeting ^0 in E. 
Draw J:1> || to BC, and .'. ± to AC, 
Then A DEB ^ I EBC, 
= z DBE ; 

and .-. DE=DB. 




16. Let J.CB, -4DJ5 be any two as of equal C, 
area on the base AB, and on the same side 
of it. 

Join CD. Then, by I. 39, CD must be || to 
AB. 

.'. the locus is a st. line, passing through A 
0, 1>, II to AB. 




Fio. 148. 



17. Let ACB be an isosceles A , and ADB any other A of equal area 
on the same base. Join DC and produce it to J^ ; E C D 
then ECD is || to AB. (I. 39.) 

Then '.• z ECA = z CAB, 
and z BCD = z OjB^, 

.-. z ^0^ = z BOD ; 

.*., by Ex. 7, p. 116, the sum of AC, CB is less ^ o 

than the simi of AD, DB ; Fig. 149. 

.*. perimeter oihACB is less than perimeter of A ADB. 
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Fig. 150. 



18. Let ABQ be an isosceles A , having z BAC four times as great 
as either of the other zs. 

Draw BD±to JBO, meeting CA produced in D. 
Then z u4jB0= J of two rt. zs= J of a rt. z ; 
.*. z -4jBD= I of a rt. z = J of two rt. zs. 
Also, z BAG—^ of two rt. zs, 

and .*. lBAD=\ of two rt. zs. 
.'. z -4D5= supplement of sum of zs BAD, ABD 
=J of two rt. zs, 
.'. ABD is an equilateral A . 

19. Let BCy terminated by AD, DE, two of the sides ott^ADE, be 

bisected in 0. Join AO, and produce it to F, 
so that AO-=FO, Join BF, CF. 

Then ABFC is a O. (P. 59, Ex. 2.) 

Again, let GH be any other line passing 

through and terminated by AD, AE, and, if 

it be possible, let GO=HO, Join GF, HF. 

Then AGFH is a O. (P. 59, Ex. 2.) 

and .-. CF, HF are both || to AB, which is 

absurd. 




Fig. 151. 




Fio. 152. 



20. Let ABCD be a quadrilateral. Join BD, 

Draw AE \\ to BD, meeting CD produced in E. 
D Bisect EC in F. Join BE, BF. Then 5i^ shall 
F bisect the quadrilateral 

For since A BAD = a BED, add to each A BDF ; 

then fig. ^^D-F = a EFB, 
C = A FBC, because FC^FE. 



21. Let J.J5, Oi> be the diagonals. Place them so as to bisect each 
other at rt. zs in 0. 

Q Then ACBD is the rhombus re^d. 
For •.• DO=CO, and OB is common, 
and z DOB = z 005 
,\DB=CB. 
Similarly it may be shown that DB=DA, and that 
CB^CA. 

.'. ACBD is a rhombus. 
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22. Describe a rectangle EFGH=^. ABCD 

Draw -4iV=^ the given altitude, and ^Q. 

±toAB. 

To AN apply the rect. ^iVOP=rect. 
EFGH. / D 

Produce OP to Q, making PQ^'^AN, 
and join AQ. 
Then A^Pe=i rect. ^P, PQ, 

= rect. -4P, ^iV= ANOP ^ 

= EFGH ^ ABCD. Fig. i54. 




(I. 45.) 



H 



23. From 0, any pt. in AB, the base of the isosceles A ^ OP, draw 
OD, OE ± to AC, BC, and draw AF x to BC, ^ 

Produce EO to N, meeting AN drawn || to FE. 
Then AFEN is a rectangle, and AF=NE. 
Now A OAN =^ I CBA -= i GAD, / \t 

Then •.' z 0-4iV = i GAD, and / ^-^E 

z OD-4 = z ON A, and -40 is common, /^. 

.-. OD^ON N 

.-. ^P=iV^JS^=sum of ON, 0^=sum of OD, OE, Fib. 155. 




24. Sum of sqq. on AC, J.D= twice rect AC, AD with sq. on 
CD : (II. 7.) 

.'. sqq. on AC, CB, J.D = twice rect. AC, AD with sqq. on CD, CB ; 

.'. sqq. on AB, AD = twice rect. AC, AD, with 
sq. on DB, (1.) 

Again, sum of sqq. on AB, ^jEs=twice rect. 
AB, AE with sq. on EB : (II. 7.) 

.'. sqq. on AB, AE, ED— twice rect. AB, AE, 
with sqq. on EB, ED ; 

.'. sqq. on AB, ^D== twice rect. AB, AE with sq. on DB, (2.) 

.*., comparing (1) and (2), we have rect. AC, J.D=rect AB, AE. 




25. Let EF bisect the O ABCD. Join EB, EC. 
Then A EBC=\CJ ABCD : (I. 41.) 

. •. A EBC^ quadrilateral EDCF ; E. 

take from each A EEC, 

then£^EBF = ^CED. D 




Fio. 157. 
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26. Draw GM, FN± to DB, EC, produced, and draw A0± to BC. 

Then •.* i MBG = z ABO, and 

z GMB = z ^05, and GB^AB, 

.-. MB-^BO, and similarly CN=CO, 

Now sq. on OD 

= sqq. on jDB, BG with twice rect. DJ5, BM, 

= sqq. on 5(7, ^B with twice rect BC, BO. 

And sq. on EF 
= sqq. on EC, CF with twice rect. EC, CN, 
= sqq. on BC, JO with twice rect. BC, CO. 

.*. sqq. on GD, EF 
=8qq. on BC, AB, BC, AC with twice sq. 

on BC (II. 2.) 

=five times sq. on BC. 




Fio. 158. 



B 




27. Let ABC be any triangle. 

^ Let AD bisect z 5-4(7, meeting BC in D, 

let Ji?' be± to BC, meeting BC in J?*, 
let AE bisect 50 in E. 
Q^ C Then we can show, as in Ex. 6 on p. 41, 

Fio. 15P. that AE is greater than AD. 

Also since z AFD is a rt. angle, AD is greater than AF. 
Again, D must lie between E and F, as is proved in Ex 3, p. 32. 



28. Since -40 is bisected in E, 
sum of sqq. on AB, 50= twice sum of sqq. on BE, EC : (II. 13, Ex.) 

and since AB is bisected in J^, 

sum of sqq. on -40, 05= twice sum of sqq. 
^ on CF, FB. (IL 13, Ex.) 

p/_ ;>^ .*. sqq. on -45, -40, BC, 50= twice sqq. on 

BE, EC, CF, FB ; 
C .*. three times sq. on 50= twice sqq. on BE, 
Fio. 160. CF with twice sqq. on EC, FB ; 

.'. six times sq. on 50= four times sqq. on BE, CF with four times 
sqq. on EC, FB. 
Now four times sqq. on EC, FB=sum of sqq. on AC, AB. 

(II. 2, Ex.) 
=sq on BC; 

.*. five times sq. on 50= four times sqq. on BE, CF. 
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29. Sq. on AD =8um of sqq. on DE, AE : 

sq. on DB=sum of sqq. on DF^ BF. 
.*. sum of sqq. on AD, DB= sum of sqq. on DE, AE, DFy BF, 
So also, sum of sqq. on AC, CB= sum of 
sqq. on CE, AE, CF, BF. ^ 

Now sum of sqq. on AD, D5=sq. on AB 
= sum of sqq. on AC, CB ; 

.-. sum of sqq. on DE, AE, DF, BF A 

=sum of sqq. on CE, AE, CF, BF. ^'o- i«i- 

.'. sum of sqq. on DE, DF= Bum of sqq. on CE, CF. 




30. Since E and 63^ are the middle pts. of AD, AB, 



.'. 6?J^ is II to BD. (L 40, Ex. 1.) 
Since F and H are the middle pts. of DC, 
CB, 

.'. Zff is II to BD. (I. 40, Ex. 1.) 
.-. GE\s\\ to FH, 
and GH is || to EF. (I. 40, Ex. 1.) 
.-. GEFH is a £7, and .'. GE=HF. 





31. Draw ^^ ± to BC, bisecting BC in E. 

Then sq. on AB=8xnn. of sqq. on AE, EB, 
and sq. on ^D=sum of sqq. on AE, ED ; 

difference of sqq. on AB, AD 

:= difference of sqq. on EB, ED, 
'^TecL BD, DC. (11.5.) g 



32. In AB, BC, CD, DA, the sides of a square, take E, F, G, H 
equidistant from A, B, C, D. Join EFGH, 

Then •.• AE=FB, and AH^BE, andLEAH 
= z EBF, 

.'. EH^EF, and z AEH = z BFE. 
Similarly, EH^HG=GF=FE. 
Also, I AEF=8um of 18 EBF, BFE, 
=sum of zs EBF, AEH ; 
and .-. z HEF = z EBF^a rt. angle. 
.*. J^J^G^ is a square. 
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33. Let the sides of the equilateral and equiangular pentagon 
ABODE be produced to meet in M, N, 0, P, Q. 

P Q 





N 

FlQ; 166. 

Then L CBM^mm of zs at P and N, 
and z POM=sum of zs at and Q ; 

.-. sum of zs at P, ft -M, i^, 0=the three zs of A BCM. 

=two rt. angles. 

34. Let AC, CB, placed in the same st* 
line, be sides of the unequal squares. 
Produce AB to E, making CE= CA, 
On AE describe a semicircle ADE, 
Draw DB ± to AE, Join CD. 
Then sq. on PI>=diflf. of sqq. on CD, CB, 

=diff. of sqq. on AC, CB, 



35. Join EB, AG, 

Then A AEB= a JE7^(7, on same base EA, 
= A AFC, (L 34.) 

= t^AOC, on same base -4C, 
-=aAOG, (L34.) 

= A AGD, on same base J. G^. 



c B 

Fig. 166. 




m._ iA>r 



KEY TO ELEMENTARY GEOMETRY. 49 



36. Fig. B^DJi?= one-fourth sq. on AD, 

= one-eighth sq. on AC^ 

= one-eighth of sixteen times sq. 
on AE, 

= twice sq. on -4J^. ^ 




Fio. 168. 



37. Bisect l ACB by CD, meeting AB ia D, and draw 
CE±toAB. 

Then '.• z DAC = z ACD, .*. AD=CD ; 
and •.• z BDC=8ixm of zs DAC, ACD, 
,\ iBDC= iDBCj 
and .-. CD=BC, and .*. DE=BE, 
Then sq. on AB 
=sq. on ACy 

=sum of sqq. on AE, EC, 
=sq. on AE with difference of sqq. on BC, BE, 
=sq. on BC with difference of sqq. on AE, BE, 
=sq. on BC with rect. AB, AD, 
=sq. on BC with rect. AB, BC. 




Fio. 169. 



38. Let ABCD be a trapezium, having AB\\ to CD. 
Bisect AD in ^, and join BE, CE. 
Through E draw FEO \\ to BC, meeting 
BA, or J5-4 produced, in F, and CD, or CD 
produced, in G. 

Then *.• z ^^^ = z EGD, 

and z ^JS;^ = z G^JS^D, and ^E=jDJS^; 
.-. aEFA^ aEGD, 
and .-. O B^C?0= trapezium ^BOD. 

Hence A BEC = half of O B^6?C, 

= half of trapezium ABCD. 
D 




Fio. 170. 
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39. Let ABCD be the given O, and E the line of given altitude. 
Draw CF J^ to BC and equal to E, 

Through F draw HFG \\ to AD, meeting BA and OD, or these 
produced, in H and G, 

H F K G 




Join HC meeting AD in J, and draw KIL \\ to HB, meeting 
EG, BC in K and L. 
Then ^iOO is the O reqd. 
For KD=AL (I. 43), and .-. KC=AC, 
Also Z^C, ^0 are equiangular, and the altitude of KC is CF=E. 




Fig. 172. 



40. Let ABC be a A . Produce BA to 
D, ^0 to J^, and CB to F, each to twice 
its original length. 
Join AF, BE, CD, DF, FE, ED. 
Then A DEF =aum of A s ABC, ABF, 
ADF, ADC, DCE, CBE, EBF, and each 
£ of these As = A ABC ; (L 38, Ex. 1.) 
.-. A DEF =aeYen times A ABC, 



41. Let ABC be a right-angled A, with z BAC a rt. z , and 
BA = CA. 
Let BD, the bisector of z ABC, meet ^0 in D. 

Draw D^ ± to 50. 

Then -BJS? = BA, and DE=DA; (L 26.) 
and '.• z j&CD = J a rt. z, .*. z J^DC = J a 
rt. z, and.-. ^D=^0. 
Then sq. on CD = sum of sqq. on EC, ED, 
Q = twice sq. on ED, 

= twice sq. on DA, 
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e 

♦- 



B 



42. Rect. 5D, DJ^=8q. on CD ; (II. 4, Ex.) 
Rect. AD, DC^sq, on BD ; (II. 4, Ex.) 

.-. rect. BD, DE with rect AD, DC 

=sum of sqq. on CD, BD, 

=sq. on BC. E 

Pio. 174. 

43. Let -4B, CD be two st lines, of which AB is the greater. 
In AB tokQ AE^CD, 
Then sum of sqq. on AB, AE=twiQe rect. 

AB, AE with sq. on BJ^ ; ' ^ 

.'. sum of sqq. on AB, 02)= twice rect. AB, ^10. 175. 

CD with sq. on B^ ; 

.*. sum of sqq. on AB, CD is greater than twice rect. AB, CD. 

44. Let ABC be a A, having AB=^AC. 
Bisect z ABC by BD, meeting ^0 in D. 

Draw D-& II to BC, meeting AB in E. 
Then EBCD is the trapezium reqd. 
For •.• z ^j&D = z ^BC, and i ADE = z ACB ; 
.-. z ^^D = z ^DjE?, and .'. AE=AD, 
ajid. '.BE=CD. 
Again, •.' ^D is || to BC, .'. z ^DB = z DBO, 
.-. z ^D5 = z jE^BD, and .'. ED^BE ; 
/. -B^, j&D, DC are all equal. 




Fio. 176. 



45. Since the sum of the squares on the diagonals is equal to the 
sum of the squares on the four sides (see p. 93, Ex. 2), so long as the 
sides are of given length the sum of the squares on the diagonals will 
be the same. 

46. Let AEB be the equilateral A. Draw 
EN ± to AB. 

Then BN=iAB=BC. 

Then area of rectangle = rect. AB, BN, 
and area of triangle = rect. EN, BN 

Now EN is less than EB, and .'. EN is less 
than AB ; 

.'. area of triangle is less than area of rect- 
angle, u Fio. 177. 
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47. Draw BT) x to CO produced. 

A Then z 50C= J of four rt. z s, 

and .*. z BOD^i of two rt. zs ; 
and z £D0 is a rt. z, 
0^^v^\ and .-. 50=2 OD. 

(P. ii6, Ex. 3.) 
Then sq. on BC = sum of sqq. on OB, OC 
with twice rect. OD, OC ; (II. 12.) 

.'. sq. on BC = sum of sqq. on OB, OC with rect OB, OC. 
Similarly, sq. on CA = sum of sqq. on OC, OA with rect OC, OA ; 
and sq. on AB — sum of sqq. on OA, OB with rect OA, OB ; 
.*. sum of sqq. on BC, CA, AB = twice sum of sqq. on OA, OB, 
OC with sum of the rectangles OB, OC ; OC, OA ; OA, OB. 




Fio. 17a 




N 

Fio. .179. 



48. Let ABCDEF be an equilateral 
and equiangular hexagon, and let the 
sides produced meet in M, N, 0, P, Q, B. 

Then MOQ is a triangle, 
and .*. sum of zs at M, 0, Q=two rt. zs ; 

and FNB is a triangle, 

and .*. sum of zs at P, R, N^two rt zs ; 

.-. sum of zs at M, N, 0, P, Q, R 

= four rt. zs. 



49. Sum of sqq. on BE, ED, DC, with twice rect BE, ED with 
twice rect. BE, CD, with twice rect. ED, CD, 

= sq. on BC, (See p. 93, Ex. 9.) 

= sum of sqq. on BA, A C, 
= sum of sqq. on BD, CE, 
= sum of sqq. on BE, ED with twice rect. 
BE, ED, with sum of sqq. on ED, DC with 
twice rect. ED, CD. 



B 




E D 



Fio. 180. 

.'., taking from each common squares and rectangles, 
twice rect BE, CD = sq. on ED. 
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50. Let J BCD be the given square. 

Produce CB to E, making BE = one side of the rectangle. 



Complete the rectangle ABEF, D 
Produce FB to meet DC produced in G. 

Draw GHK \\ to CE, meeting AB, FE, pro- ^ 
duced, in H, K. 

Then rect. B^E:fl^= square ABCD. F" 

(1.43.) . 



B 


^^ 


^^ 





E 

Fio. 181. 



H 
K 



51. Sum of sqq. on AD^ CD with twice rect. 
AD, CD, 

==8q. on AC, 

=sq. on ABy 

=sum of sqq. on AD, BD; 
.', sq. on BD=sq. on CD with twice rect AD, CD. ^ 




Fio. 182. 



END OF BOOK II. 



54 KE Y TO ELEMENTAR Y GEOMETR Y. 




BOOK III. 



Page 125. 



Exercise 1. Let CD cut AB, but not at right 
angles. 

From 0, the centre, draw 0F± to AB. 
B Then AF=^BF, and .\ AE ia not equal to BE. 



Fio. 183. 




Ex. 2. Let EF bisect each of the || chords, AB, 
CD, in the pts. M, N. 
Then the centre of the © must be in EF, 
For, if not, let be the centre, and join OM, 
ON, and produce OM to meet CD in P. 
Then OM is ± to AB, and .'. OP is ± to CD. 
But ON is also ± to CD, which is absurd. 
.*. centre of © lies in EF ; 
.*. EF bisects AB, CD at rt. zs. 




Ex. 3. Let A be the given pt. 
Find the centre of the © . 
Join OA ; draw AB± to OA meeting the Oce 
in B. Produce BA to meet the Oce in C. 
Then since OA is i. to BC, it bisects BC. 



Fia 185. 
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Pag^e 126. 

Exercise 1. From the centre of the © draw 
a St. line OP, bisecting one of the chords, AB. 

/. OP is ± to AB; 

.'. OP is X to the other chords, CD, EF, . . . ; 

. '. OP, produced if necessary, bisects all the chords ; 

.'. the locus is a st. line passing through the centre. 

Ex. 2. Let ABCD be a O inscribed in the © ABCD, then must 
it be a rectangle. 

For since the diagonals of the O bisect each 
other in 0, must be the centre of the ©, and .*. A y^ ^B 

CA^BD, 
Then 

*.' AB=DC, and BC is conunon, and CA = BD ; 
.-. z ABC = z BCD ; 
.*. each of these zs is a right angle. (I. 29.) ^ 
Similarly, each of the zs BAD, ADC is a right angle. Fig. 187. 

Page 127. 

Exercise. Let ABC, ABD be two circles cutting one another in 
the points A and B. 
Let be the centre of © ABC, and P the centre of © ABD. 
Join OP. Through B draw CBD \\ to OP. 





Fio 188 

DrawOQ, PUxtoCD. 

Then OPRQ is a rectangle, 

and.'. QR=OP. 
Now CD=CB + BD 

=2QB+2BB==2QR=20P. 
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P«ee 130. 
ExBRCiBB 1. Let P£ be an; other line 
■awn from i" to the Oce. Join OE. 
Then sum of OP, PB ia greater than 

.'. sum of OP, P£ is greater than OD ; 
.'. sum of 01", PE is greater than eum of 
OP, PD ; 

.-.PEis greater than PD. 



Ex. 2. Let PE, PC be two powtiona (rf PB (fig. to Ex. 1), E being 
nearer to D than C ie. 

Join OC, OE. 

Then ■.■ 00=B0, and OP is common, and i COP is ^;Kator than 
i.BOP, 

.-. CP is greater than EP. (I. 24.) 




Ex. 3. Drew OF making i FOB 
Ex. 1). 

Then ■.■ OE=OF, and OF 

.: PE=PF. 
But any other line drawn from P to the Oce may be shown to be 
not eqoal to PE (or PFj as in Ex. 2. 



FOE, and join FP (fig. «i 
and i POE - I POP, 




p«e< 131- 

Exercise 1. Let D be an; pt. in the Oce be- 
tween B and C. 

Then shall PD be greater than PB. 

Join BO, i)0. 

Then ■-■ BO=DO, and OP ia common, and 
A DOP is greater than i BOP, 

.: PD is greater thwi PB. 
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Ex. 2. Make l TOE = l FOB, and join PE (fig. to Ex. 1). 
Then '.• BO=EO, and OF is common, and z EOF = l EOF, 

.'. FB=FE. 
But any other line, drawn from F to meet the Oce, may be shown 
not to be equal to FB (or FE) as in Ex. 1. 



Page 135- 

Exercise. Let z BAC be a right angle. 
U&ke L BAO '^ I ABC^ 

and .-. z CAO = z ^CB. 
Then OB^OA^OC, 

.'. is the centre of the© described round B 
ABa 




Page 137. 

Exercise. Let the , whose centre 
is A, touch the 0s, whose centres are 
B and 0, in D and E respectively. 

Then difference between AB and 
AC, 

= difference between DB and EC, 
s difference between radii of s 

whose centres are B and 0, 
= half the difference between dia- 
meters of those 0s. 




Fio. 1»2. 



Page Z40. 

Take the diagram of the Proposition, and OC—b inches and 
CQ=4 inches. 
Then since ^25^16= s/9 = 3, .'. 0Q=3 inches ; 

.'. the second chord is equal to the first. 
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Page 142. 

Exercise 1. Let AB be the given chord, G the given line. 
Find the centre of the © , and draw EOF a diameter. 

In E¥ take EQ = 0, and with centre 
E and distance EG describe a © cutting 
the given © in H, Join EH^ and 
bisect it in Af. 

With centre and distance OJM" de- 
scribe a © cutting ABmN. Through 
N draw the chord Pi2 i. to ON, 

Then TB, and j&B" being equidistant 
from the centre are equal, and 
TB.=Q, and FB is bisected by AB. 





Fio. 194. 



Ex. 2. Place the as ABG^ ABE so that their 
vertices coincide in A, 

Then since AB^ AC, AD, AE are all equal, a 
© described with centre A and distance AB will 
pass through 0, D, E. And since the J. s -4 J^, 
^G^ drawn from A to the chords BC, DE, are 
equal, .*. BC=DE. 




Ex. 3. Let ABhe a, diameter of the ©, and 
let the chords CD, EF cut AB in 0, so that 
z ^00 = z ^0^. 

From P, the centre, draw FG, FH ±b to CD, 
EF. 
Then z FOG = z ^00 - z ^OJ: = z POfl^. 

Then -.-zPOC? = i FOB, 

and z OHF = z OG^P, and OP is common, 

.-. FG=FH, and .-. CD=EF. 



Page 144. 

Exercise 1. Take the diagram of the Proposition, and join OD. 
Then in as ABO, ADO, 

*.• BO=DO, and 0-4 is common, and zs OB A, ODA are rt. zs, 

.\AB=AD. 
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Ex. 2. Let AB, BC, CD, DA touch the © 
in the pts. E, F, G, H. 

Then AE=AH, BE=BF, CF^CG, and u 
DG^'DH. 
/. sum of AB, OD=sum of AE, BE, CG, DG, 

:=Q}im of AH, DH,BF,CFy . 
^sum of AD, BC. 




Page 14s 



Exercise. Let A and B be the 
centres of two © s that touch both 
the lines CD, EF, which intersect 
inO. 

Then A must lie in the line 
OA that bisects z DOE, since 
OM^ON, and AM^AN, 

Similarly B must lie in the line 
OB bisecting i FOD, And since 
sum of zs EOD, FOD= two rt. zs, 

.-. sum of zs AON, BON, that 
is, z AOB, is a right angle. 




Fig. 1»7. 



Page 146. 

Exercise. Let ABC, DEF be two concentric 
®s, and let AC, & chord of the greater, touch 
DEF in D. 

Then shall DC=DA. 

Find 0, the common centre. 

Then •.' OC = OA, and OD is common, and 
rt. z ODC=Tt, L ODA, 

:, DC=DA. 
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Page 248. 

Exercise. Let CB touch the © ABF in B, 

Draw CI) A through D the centre. Join 
^A AB, DB. 

Bisect ACB by CE, meeting AB in K 
Then i CEB-=aum of zs ACE, DAE, 

= sum of i z DCB and i z 52)0. 
Now zs D(7B, BDO together = a rt. z, be- 
cause z DBO is a rt z ; 

.*. z C^B=half a right angle. 




Fio. 199. 



Page 151. 

Exercise 1. For taking the diagram in the Proposition and joining 
OB, 00 in fig. 2, the reflex angle BOC is double of z BAG, and also 
of z BDC, and .'. z BAC = z BDO. 




Ex. 2. Let ^0, 5D be chords intersecting in 0. 
Join AD, BC. 

Then •.* z CBO = z D^O, in same segment ; 

and z 500 = z ADO, in same segment : 

.*. AS 500, AOD are equiangular. 




Pio. 201. 



Page 153. 

Exercise 1. Let ABCD be a quadri- 
lateral inscribed in a 0. 
Produce DC to E. 

Then z 505= supplement of z BCD, 
= z 5^D. 
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Ex. 2. Since 


A^ 






I ^50= supplement of i ABC^ 


■^-----^Ab^ 




= L ADE ; 






:;>-£ 


and L J&OB= supplement of z BCD 




"yc 




= I EAD, 


dV^ 






.'. AS EBC^ EAD are equiangular. 




Fio. 202. 





Ex. 3. From the nature of a rhombus, or any O that is not rect- 
angular, two of the opposite zs are together greater than two right 
angles, and therefore it cannot be inscribed in a ©. (See also III. 4, 
Ex. 2.) 



Ex 4. Let ABCD be a quadrilateral inscribed in a ©. 
Produce BA to E. Bisect z BCD by CP 
meeting the Oce in P. Join FA and pro- 
duce it to jFI t 
Then we have to prove that 

z EAF= L DAF, ^ 

Now z PCB = z FAB in the same seg- 
ment, 

= /iEAF; 

and z J&^2)= supplement of z BAD, 
= z BOD ; 
and since z PCB=half of z BOD, 
.-. z ^^P=half of z ^^D. 
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Ex. 5. Join DE. 
Then z ^Dj&= supplement of z ^PO, 
= supplement of z BAC, 
= z BED ; 
.-. z ODjE? = z 0J:D, and .*. CD^CE. 




Fio. 204. 
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Ex. 6. Let ABCD be a quadrilateral figure, 
whose opposite zs are together equal to two rt. zs. 
P Then a © BEDG described about the A BCD 
must pass through A, 

For angle in segment ^JE7i)= supplement of 
I BCD, 

= L BAB ; 
.'. A most be a pt. in the Oce. 




Fig. 205. 




Fio. 206. 



Page 156. 

Exercise 1. Since z BDA is of constant magni- 
tude, 
and L CAD is of constant magnitude, 
.'. z AEBy which is equal to the sum of 
zs DBAy CAD, is of constant magnitude. 




Ex. 2. Let ABy CD be equal arcs. 
Join AB, BD, DC, CA, BC, 
Then z ACB = z CBD, 
and.-. ^0 is II to 5D. 



(IIL 27.) 




F 
Fio. 208. 



Page 157. 

Exercise 1. Join BD. 
Then since chord -4B= chord DC, 
.\&TcABB=arcCFD; 
.-. z ADB = z DBC ; 
.-.^D is II to -BO. 
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Ex. 2. Let DAE touch the © at ^, the 
middle pt. of arc BAG, 

From 0, the centre, draw OA ; this line is ± to 
DAE, Let OA cut the chord BQ in N, 

Then •.* arc ^B= arc ^0, .'. z BOiV = z CONy 

and BO=COf and 0.^ is common to as BO^, ^ 

and .'. 0-4 is ± to jBO; 
.-. BC is II to DAE, 




Fio. 209. 



Ex. 3. Let AB, CD, equal chords, cut one another in E. 
Then •/ chord ^-B=chord CD, 

.-. arc ^CB=arc CBD ; A 

.-. z ^CB = z 05D. 
Also, z ^OD = z ABDf in same segment ; 
and.-. zj&OB = a EBC ; 
and. \EB=EC: 
md.\ EA=ED. 

Fio. 210. 




Page 158. 

Exercise L Let ABy CD be || chords in the © ABCD. 
Join ACy BDy AD, BC. 
Then •/ z ^BO = z -BOD, 
.-. arc ^00= arc 5PD; 
.'. chord ^0= chord BD, 
and •.• z ^BD=supplement of z BDO ; 
= z B^O, 

.•.arc^OD=arcBDO; 

and .'. chord ^D= chord BC 




Pio. 211. 



Ex. 2. Let AB, CD, EF be three equal chords 
in the © ACBD, cutting one another in the 
same pt. 0. £•! 

Then, by III. 28, Ex. 3, 

0-4 = 00, and 0^ = OJ: ; q> 

and .*. is the centre. (IIL 9.) fio. 212. 
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Page i6o. 

ExKRCiSE. Let CABD be a semicircle on the diameter CD. 
From 0, any pt. in CD, draw OA x to CD, and OB to the 
bisection of the Oce. 

Bisect CD in E, and joiji BE, then 5j& is 
± to CD. Join ^j&. 
Then sq. on 0^=sum of sqq. on OE, EB; 
and sum of sqq. on OA, OE=Bq, on AE ; 
.', sum of sqq. on OB, OA, 0E= sum of 
Fig. 213. sqq. on OE, EB, AE ; 

.*. sum of sqq. on OB, 0-4= sum of sqq. on EB, AE^ 

= twice sq. on radius. 




Page z62. 

Exercise 1. Let ^0 be the diameter of the larger © ; and AB 
the diameter of the smaller . 

Draw ADE cutting the smaller © in i), 
and meeting the larger in J?. 
Join DB, EC 

Then i ADB^q. rt z = z AEC\ 
.-. DB is II to EC 
C Now -4 (7= twice AB ; 

.-. ^^= twice AD, (See L 40, Ex. 1.) 





Ex. 2. Let BAC touch the AED in A, ' 
Let chord ^D be || to BAC 
From 0, the centre, draw OA cutting the 
chord in P. 
Then, since OA is ± to BAC, 
.-. OP is ± to ED; 

.\PE=PD; 
.\iEOP= iDOP; 
.*. arc ^^=arc DA. 
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Ex. 3. Let AB, AC touch the © BCE in the 
pts. By C. Join BC and throng O, the centre, 
draw the diameter COB. 

Now in the qoadrilatend ABOC, since zs ABO, 
AGO arertzs, 

.'. z ^00 is the supplement of z BAC. 
But z £00 is the supplement of sum of zs OBC, 
OCB; 

.'. z £^0=sum of zs OBCy OCB ; 
=twicezOOJ5. 



Ex. 4. Let ABC be an oblique-an^ed a, in- 
scribed in SkSABC. 

And let z £J.O be greater than a rt z . 
Draw COD a diameter : then z DAC is a rt z ; 
and z BAD = z £0Z>, in the same s^ment, 
.*. z BAC is greater than a rt z by z BCD. 
Again, z .^£0 = z ADCy in the same segment, 
and z AZ)0 with z ACD=ii rt z. 
.'. z ABO is less than a rt z by z ACD. 




Pio. 217. 



Ex. 5. Let AC, J9i) bethe ±8 on the chord PQ 
&om the extremities of the diameter AOB. 

Let BD, the greater perpendicular, cut the © in 0. 

Then z AOB, being the z in a semicircle,is a rt z . 

. '. z AOD is a rt z, and .*., since the zs at O and 
D are rt zs, z CAO is a rt z. 

.'. ACDO is a rectangle, and .*. AC=OD. 



Ex. 6. Let the ©s ABC, ABD inter- 
sect in A and B. 

Let and Pbe the centres, and AOC, 
APD diameters. 

Then z ABC is a rt z . (IIL 31.) 

Similarly, z ABD is a rt z ; 

.*. CBD is a St line. (L 14.) 

£ 
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Ex. 7. Let A be the common centre of the s. 




Draw AB^ a radios of the smaller 0, and 
produce it to C so that BC=AB. 

On BC describe a semicirde BDC catting the 
greater in D. Join DB and produce it to meet 
the original circles again in E and F, 
Draw ^Ox to DF, and join CD. 

Then •/ rt z BDC = rt z AOB, 

and z ABO = z CBD, and AB^BCy 

.-. DB^BOy and /. i)0= twice O^. 



Fio. 220. 

Now FO^DO, and EO=OB : 

.-. ^i)=twice 5jE^. 




Page 163. 

Exercise. Let OAF, ^J9^ bell tangents 
to the ACBDy at the pts. A, B. Join 
AB. 
Then 

z in segment -4DJ5 = z ^-4-B, 

= z ^^^, 

= z in segment A CB : 
.'. the angles in these segments are rt. zs : 
.*. AB is a diameter of the . 




Page 164. 

Exercise 1. Let the tangents at P and Q 
meet in 0, and let the tangents at A meet 
OP, OQ, in M, N, 

Then z POQ 
= supplement of sum of zs MP A, NQA ; 
= supplement of sum of z s MAP, NAQ ; 
= L MAN. 



Fig. 222. 
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Ex. 2. Let -4, ^ be the given pts., and CD the given line. 

Join AB and on it describe a segment of a 
capable of containing the given l . The \ 
points, where this segment cuts, or the point 
where it touches, OjD, will be points, such 
that if lines be drawn from them to A and -B, 
the angle contained by these lines will be equal 
to given l. 




Fig. 223. 



Page 165. 

Exercise 1. Let the ©s ABQ^ ^Dj& touch 
internally in A, 

Draw FAE^ cutting smaller © in 0. 

Draw the tangent PAQ, touching ©s at -4. 

Then i FAQ = z in segment ABC ; 
and z FAQ = z in segment ADE : 
. •. segments ABC, ADE, contain equal angles. 

Similarly segments AGC, A HE, contain 
equal angles. 




Fio. 224. 



Ex. 2. Describe a © ABC with given radius. 

Draw AB cutting off a segment ACB capable 
of containing an z equal to the given vertical 
angle, and with centre B and radius = given side, 
describe a © cutting © ABC in D. Join DA, 
DB, 

Then a DAB is the triangle required. 




Fig. 225. 



Ex. 3. Let AB be the given base. Describe on 
AB the segment of a © capable of containing the 
given vertical angle. 

With centre A, and radius = the given ± , describe 
a © , and draw BD touching this © in D. 

Produce BD to meet the segment on AB in C. fi^ 

Then ACB is the triangle required. 




Fig. 226. 
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Page i66. 

Exercise 1. Since rect. CP, CQ=rect. 
AQ,GB\ 

and rect. CF, CC=rect. ^0, CB ; 
.-. rect. OP, 0(3= rect. Cr, CQf, 



Ex. 2. Taking diagram of Ex. 1, a © described about A PQfQ must 
pass through P', because rect. CF, 0(J=rect. CF*^ CQ;. 




Fio. 228. 



Page 169. 

Miscellaneous Exercises on Book IIL 

1. Let ADB, AOB be the segments. Draw 
AEy BE tangents to the ©. Join DE, cutting 
the © in 0. 

Then z DOP=sum of zs QBE, OEB, 
=sumofzsPDO, Oj^P; 
and z jDO^=sum of zs ABO, OEA ; 
.-. z PO^=sum of zs ADB, AEB 
.'. difference of z s BOA, ADB = i AEB. 



2. Let 0, P be the centres of any two of the © s, ^ the point of 

contact Then the line joining 0, P 
passes through A, (III. 12.) Draw 
BG a chord of both ©s passing 
through A, Join OB, CP, 

Now z OBA = z OAB (I. 5.) 
= zP-40 (L15.) 
= z PO^. . (L 5.) 

Fio. 229. .-. OP is || tO CP, 
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3. z QPM = I QP'N in alternate segment, 
and L QMP = z QJVP', each being a rt. z ; 
/. AS QPM, QPN axe equiangular. 




Fio. 230. 



4. Let DE cut AB in P, and ^0 in Q. 
Then z ^(3P=sum of zs ACD, EDO, 
=sum of zs D^P, ABE, 
= iAPQ; 
.-. ^P=^Q. 




Fio. 231. 



6. Let ABCD be the quadrilateral fig. inscribed in the © ABCD, 
and let z ABC be a rt. z, then z ^DO is also a 
rt. z. (IIL 22.) 

From 0, the centre, draw OM, ON, OP, OQ to 
the middle pts. of the sidesw 

Then MQ, NP are rectangles. D> 

Then sq. on OP = sum of sqq. on OM, OQ, ^^^^— ^C 

and sq. on Oi)= sum of sqq. on ON, OP ; Fio. 232. 

.*. twice sq. on radius = sum of sqq. on the four perpendiculars. 




6. I. Let and A be on the same side of the centre C 
Let the chord BD be bisected in 0, and let 
EF be any other chord through 0. 
Draw CP ± to EF. 
Then '.• z CPO is greater than z COP, 
.'. CO is greater than CP ; 
.-. FE is greater than BD. (III. 15.) 
. •. arc EAF is greater than arc BAD ; -^ 

.'. z BAD is greater than z ^^P. fio. 233. 
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II. Let and A be on opposite sides of the 
centre. 
Make the same construction. 
Then EF is greater than BB : 

.'. arc EBF is greater than arc BFD ; 

.'. arc EAF is less than arc BAD ; 

.-. I BAD is less than i EAF. 




Fig. 233 a. 




7. Let be the centre of the © ABC. 
Bisect the chord AB in E, and draw the chord 
CED. 
Bisect CD'mF and join OF. 
Then z OFE is a rt. z ; 

.-. L OFE is greater than i OEF ; 
.\ OE is greater than 0^, 
.'. CD is nearer the centre than AB is. 
Similarly, if a third chord be drawn through F, it may be shown 
that this chord is nearer to the centre than CD is, and so on, 

8. Let a © pass through J5, D the 
opposite z s of the O ABCD. Draw MN, 
OF joining the pts. of intersection of the 
© and the sides of the O. Join MP. 

Then 
z MPO = supplement of z MBO (III 22.) 
= supplement of z NDF (L 34.) 
= z PMN (III. 22.) 

.\ MN is II to OP. 

9. Let ri, t^, r» be the radii of 
the © s, of which the centres are 
A, B, C. 

Then ^-B=sum of Vi and r^ ; 

and ^C=sum of ri and r^ ; 

.'. difference of AB, -40= differ- 
ence of r2 and r^, which is inde- 
pendent of Vi, and is therefore 
invariable, when the circles whose 
Fio. 236. centres are B and C are given. 




PiO. 236. 
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10. Take any © ACBD, and let be its 
centre. 

Draw the diameters AOB, COD at rt. zs. 

Through A, B, O, D draw lines || to CD^ 
AB, meeting in M, N, P, Q. 

Then QM, MN, NP, PQ are tangents to 
the ACBD, and are all equal 

Then with centre Oy and distance OP de- 
scribe a © , which will pass through P, Q 
M, Ny and will be the outer circle reqd. 
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Fig. 237. 



11. Let ABCD be any quadrilateral inscribed in a . 

Bisect any two adjacent sides, AD^ AB in E, F. 

Let be the centre of the . 

Then OE, OFsae xs on AD, AB. 

.*. since zs AEO, AFO are rt zs, a © de- 
scribed about A AFE will pass through 0, and 
AO will be its diameter. 

.'. the radius of the © about AFE will be 
half AO ; and since AO passes through the 
centre of this © , this © will touch the © ABCD. 

Similarly it may be shown that if any other adjacent sides be 
bisected, and the pts. of bisection joined, the © described about the 
triangle thus formed will have a radius half AO, and will touch © 
ABCD, 




Fig. 238. 



12. Let AB be the given st. line, MDN the 
given ©. 

From 0, the centre, draw OC ± to -4P, cut- 
ting the © in D. 

Through D draw EDF \\ to AB, 

Then ".• z EDO = z ^00=a rt. z ; 
.*. EDF is a tangent to the . 




Fio. 239. 
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13. Let A be the given radius, DE the line in which the centre of 
the © is to be, and BG the line which is to be a tangent to the . 

Draw BF ± to BQ^ and equal to A, 

Draw Fa II to J50, meeting 
BE in Gf. 
Draw QK x to BQ, 
Then a © described with cen- 
tre G and distance QH. will 
touch BCy and will have its 
radius equal to A, 

14. Let -4-B be the diameter of the given ©, and the centre. 
Let CD be the given line. Draw DE=OB, and x to CD. 
Join CE, Produce AB to F, so that OF=CE. 
Draw FP a tangent to the © at P. 

F 



B 
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I 
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Fig. 241. 

Then sum of sqq. on FP, OP =sq. on FO, 

=sq. on CE, 

= sum of sqq. on CD, ED ; 
.*. sq. on PP=sq. on CD ; 
.-. PP=the given line CD. 

15. z^PO=sum of zs BAM, 
AMB. 

Now V LC^BM, 
.-. z LBC =r iBAM; (in. 28, 27.) 
.•.z^PZ=z-4MB; 
.*. arc ^Z=arc AB. (IIL 26). 
Also, since z ZPC = z BAM, 
Fio. 242. .*. iP is a tangent at B. 
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16. Since l DAC^ l DEA, (III. 32.) 

= z EAB ; (I. 29.) 
and z CDA = z EBA ; (III. 32.) ^ 
.*. AS ACD, EAB are equiangular. 



17. Since BC=AB, 
.-. ^CAB = lACB, 

=^lABB, (111.28,27.) 
= z in segment ABB ; 
.*. retouches the <^ABD. 



18. Let CD be the given line. Join -4^. 

In AB take a pt. j^, such that rectangle 

BA, -4^=sq. on CD, (See p. 120, Ex. 50.) 

With centre B and distance BE describe 

a © EFQ^ and draw AF 9, tangent to this 

© at JP". 

Then •.* rect. BA, AE ^ sq. on AF \ 

(III. 37). 
.-. AF^CD. 




Fig. 245. 



19. Let ABC be a A. Draw BE, CF ± to ACy AB, and let them 
intersect in 0. Join AO and produce it to meet BC in D ; then 
shall JLD be X to BC, 

Join EF, Then a © may be described about 
AEOF; (in. 22, Ex. 6.) 

,\lFAO^ lFEO, (IIL21.) 
Also, a © may be described about BFEC ; 

(IIL 31.) 
,\lFCB = lFEO, 
Hence z FAO = z OCD, and z AOF^ z COD, ^ 
.-. z ODC = z OJ'^ =a rt. z. 
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20. Let be the intersection of the ± s as in Ex. 19. 
Then, by II. 7, 

sum of sqq. on AD^ -40 = twice rect. AT>^ AO with sq. on DO, 
sum of sqq. on BE, J50= twice rect. BE, BO with sq. on EO, 
sum of sqq. on CF, CO = twice rect CF, CO with sq. on FO ; 

.*. sum of sqq. on AB, BO ; BE, CO ; CF, 
-40= twice sum of rects. AD, AO ; BE, 
BO ; CF, CO ; with sum of sqq. on DO, EO, 
FO; 

.-. sum of sqq. on AD, BD, DO ; BE, CE, 
EO ; CF, AF, FO = twice sum of rects. 
C AD, AO ; BE, BO ; CF, CO ; with sum of 
sqq. on DO, EO, FO ; 
.-. sum of sqq. on AD, BD ; BE, CE ; CF, AF^twice sum of 
rects. AD, AO ; BE, BO ; CF, CO ; 

.*. sum of sqq. on AB, BC, (L4 = twice sum of rects. AD, AO; 
BE, BO ; CF, CO. 




Fig. 247. 




Pig. 248. 



21. Let ©s ABC, ABD intersect in 
A and B, 

Draw CD a common tangent to the 
s in C, D. 
Let AB meet CD in 0. 
Then sq. on OC = rect. BO, OA, 

(III 36.) 
= sq. on OD ; 
.\ OC=^OD. 



22. I CAO = z CBD, in same segment ; 




.'. I GAE = I FBH ; 

.-. I 6/^J^= supplement of z GAE, 

(III. 22.) 
= supplement of z FBH, 
= iHGF; 
and z GEF = z GHFia same segment; 

.-. z EGF = z GFH ; 
.-. sum of zs GFH, FHE^two rt. zs ; 

(IIL 22.) 
/. GF is II to EH. 
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23. Since rect. AG^ CB=3({. on CP, 

(III. 37.) 
and rect. AC, CJ5=sq. on CP\ 
.'. sq. on OP=sq. on OP' ; 

.-. cp=cr. 




Fig. 250. 



24. Let ABC be a A, AD, BE, OP thexs from the angular pts. 
on the opposite sides, intersecting in 0. 

Then •.* a ©described on BC as diameter will 
pass through P and P, (III. 31.) 

.-. rect. CO, OP=rect. BO, OE (III. 36.) 

Again, *.* a © described on AB as diameter 
will pass through E and D, B 

.-. rect. BO, OE -^rect. AO, OD (III. 36.) 




25. Let AB, ^0 be equal st. lines drawn from 
A to the © BCD, and let them be produced to 
meet the Oce again in D, E, 

Draw OM, 0N± to BD, CE, and join OA, 
OB, OC. 

Then z ABO = lACO', (L 8.) 

/. I OBM = z OCN, and z OilfP = z OiVO, 
and 0P= 00; 

.*. OM=ON, and .*. AD, AE are equidistant 
from the centre. 




Yvi.^LVL. 
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26. lCBC^ l CBB'+ l B'Ba= l CBB^ l BB'Cr= l CRC, 

and z BOB = two L BAB!, 
and four right l% - l B(7B=^ two l BA'B ; 

A. 




Fig. 263. 

.-. L BCB+ L BGB'=-io\\r rt. zs +two l BAB -two L BA'B, 

=four rt. zs -two z ^B^'-two z ABA% 
=four rt. zs - z AOA' - z -40'Jl', 
= two zO^'Cy; 
.-. two z OB(7=four rt. z s- two z OA'C/ ; 
.-. z CBC =iwo rt. z 8- O^'O'. 



27. Let RQ the common chord of the 
© s AQR, BQR be produced to P. Draw 
PBC a chord of © BQR, 

Then rect. OP, P5=rect. RP, PQ, 

= sq. on PA : 

.*. a ©passing through A, B, Ohas P^ 
for a tangent ; 

.*., PA being the common tangent to 
this © and to © AQR, these ©s touch 
at A, 



28. Let AB be the given base, and bisect it in C. 

On AB describe a segment of a®-4i)J5 capable 
of containing an angle == given angle. 

With centre C and radius = given length of the 
line from the vertex to the middle pt. of the base 
Q 'g describe a © cutting ABB in Z). 

Fig. 265. Join AD, DB, Then ADB is the A reqd. 
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29. L DCB — L BAD, in same segment, 
=:h&]fiBAa 




30. Let be the intersection of AD, BC, 
Then / z CBD = i GAD, 
AndiBOD^- lAOC, 

/. I ADB = I ACB ; (I. 32.) 

.'. a © passing through A, B, C will pass 

through D. (III. 21.) 



31. OhYionB\yAQ=AQ': 
.-. z APq^^ L ABQ ; (III. 28, 27.) 

.\mA8AFT,ABR, 
L ABB = L ATF, 

=a right angle. 
Hence a0 may be described round 
ATQR; p 

and .*. z BTQ = z P-4 (J = comple- 
ment of z -4P5 (sincezJ^fP is a 
right angle, for reasons similar to ^^° 2^^- 

those by which we proved z ABB to be a right angle). 
Similarly ^ OTC= complement of z APB : 

.*. z BTQ = z £fTg. 

32. Let ABCD be a quadrilateral such that, when DA is produced 
to j&, z ^JIJ5 = z BCD, 

Then z P^D is the supplement of z BCD. 

.*. a ©may be described about ABCD. 

.*. z Pi)J. — L BCA in same segment. 

Similarly it may be shown that the 
angles subtended by the other sides are 
equal. Fio. 259. 
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Pia. 260. 




33. Describe a © about the A ABQ. 
Draw -4T a tangent to this © . 
Then lTAQ^ l ABC, (III. 32.) 

= L ADE : (I. 29.) 

•.• -4T is a tangent to the © described about ADE, 



34. Let AB and CD be the sides 
of the given squares, AB being the 
greater. On AB describe a semicircle, 
and with centre A and distance CD 
describe a circle cutting the semicircle 
in^. 



D 



A B 

Fio. 261. 

Join AE, BE. 

Then sq. on ^5= difference of sqq. on AB, AE, 

= difference of sqq. on AB, CD. 



35. Let A B, AC he drawn bs tangents to the © 

BCE from the same pt. A.- Draw DOF a tangent 

to the © at 0, meeting AB, AC iaD,F. 

Then •.* DO=DB, (IIL 17, Ex. 1.) 

C and FO^FC (III. 17, Ex. 1.) 

.-. perimeter of A ^D^= sum of ^D, DO, OF, FA, 

= sum of AD, DB, FC, FA, 
=sum of AB, AC, 
which is therefore the same for all positions of 0. 




E 
Fig. 262. 



36. Let be the pt. where the circles 
described on AC, BC intersect. 
Join AO, BO, CO. 
Then z ^0(7= supplement of z in 

segment AEC, 
and z ^00= supplement of z in 

segment BDC, 
Then z AOB will be supplement of z 
in segment of © described on AB, 
since sum of z s AOB, BOC, A 0(7= four rt. z s. 
.*. the © described on AB will pass through 0. 




Fio. 263. 
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37. Produce BA to D. 
Then 

L BAA'-- L ABC, (I. 29.) 

= supplement of sum of z s BAC, ACB, 

= supplement of twice z ACB, 

= supplement of twice z A'AE, (I. 29.) 

Now z AA'E = z A'BC, (I. 29.) 

=^lA'AE, (111.21.) 

.'. z J.jEJ.'= supplement of twice z A'AE ; 

.-. z DAA' == z ^j&^' ; Fio. 264. 

and .'. BA is a tangent to ©described about the A AEA'. 




R E I 



38. Let ABCD be the given square. 
Draw the diagonals intersecting in 0. 
Draw EOG, HOF \\ to AD and AB. 

Bisect zs EOB, BOF, FOC, etc., by 01, OK, OL, etc., as in the 
diagram. 

Then in as OBI, OBK, 
'.' L lOB = z KOB, and z IBO = z ZIBO, 
and OB is common, 
.-. 01= OK. 
Also in AS OjEB, 0JS7J, 
*.• z ^OiJ = z lOE, and z 0JS71J = z 0^7, 
and 0^ is common, 
.-. OR=OL 
Hence 01, OK, OL, etc., are all equal. 
Also, since z lOK = z JSTOi, 

.*. IK=KL, and similarly KL=LM, etc. 
Therefore a © described with centre Oand distance 01 will be the © 
reqd., for the arcs subtended by IK, KL, LM, etc., will all be equal. 



A 

Q 
H 
P 



e 



B 

K 
F 

L 



N G M 

Fig. 265. 



39. Let FG produced meet AB in M, 

Bisect AB in 0, and join CD, Bisect FQ in 0, and join OD, OE. 
Then •.* zs ADB and AEB are rt. zs, (III. 31.) 

.-. zs FDG and FEG are rt. zs ; 

and .*. a circle can be described about DFEG ; 

and FG is a diameter of this ® , and is its centre. 

.-. OD = OE. 
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Fig. 266. 




Fig. 267. 




Fig. 268. 




Fig. 269. 



Again, since AIS is ± to FB^ and BD is ± to 
AF, .-. FM is ± to AB, (Ex. 19, p. 1 70.) 
Then sum of zs MFA^ DAM^sl rt. z ; 
and z ODF = z OFD = z MJ?'^ ; 
.-. sum of zs ODF, DAM^& rt. z ; 
.*. z ODi^ = z 1>^^ = z CDB ; 
.'. z ODO is a rt. z, and .'. OD is a tangent 
to the © ADB. 
Similarly OF is a tangent to the © ADB. 



40. Let Obe the common centre, AB a tangent 
from any pt. in outer Oce to the inner circle, 
DE, DF tangents to the © s from any pt. D. 
Join BC, AC, DC, FC, EC 
p Then sum of sqq. on FC, DF=sq. on DC, 

= sum of sqq. on CE, ED : 
. *. difference of sqq. on DE, DF 

= difference of sqq. on FC, CE, 
= difference of sqq. on AC, CB, 
= sq. on AB. 



41. Sum of zs QrM, TQM^a rt. z. 
Now z TQM = z TTP=half a rt. z ; 
.-. z QT' Jf= half art z ; 
= z TQM, 
.'. TM^QM. 

42. (1.) Let A and B be the given pts. 

Then AB is a common chord of all the 
circles. 

Join Oi, O2 the centres of any two of 
the ®s. 

Then Oi, 0^ bisects AB at rt. angles. 

.*. the locus is a straight line bisecting 
AB dkt right angles. 
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(2.) Draw a diameter AB through the middle pt. 
of CD any one of the chords, this will pass through 
the middle pt. of each of the other chords, and will 
be the locus required. 




(3.) Let ABy J.0 be the two given lines. 

Draw AT x to -4C and equal to the given 
St. line. Draw BDE || to J.0, meeting BA 
produced in D. 

Then the bisector of L BDE is clearly the 
locus required. E 




Pio. 271. 



(4.) A line drawn j. to the given 
line ABy and passing through Q the 
point of contact, will pass through 
the centre of each circle, and will be 
the locus required. 




(6.) Let be the pt through which all the chords 
pass. From Q the centre draw OB^ CQx to any two 
of the chords. Join CO. 

Then a described on CO as diameter will pass 
through P and Q, because the zs CPO, CQO are 
rt zs. 

.'. this is the locus required. 

F 




Yva,*n^, 
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(6.) Let be the centre of the 
given ©. 

Then the centres (as P, ($) of all the 
©s of given radius are equidistant 
from 0, and .'. the locus is a © whose 
centre is and radius equal to the 
sum of the radius of the given © and 
the radius of any one of the circles of 
given radius. 



(7.) Let AB, CDy EF be any number of 
equal chords. They are therefore all equi- 
distant from the centre 0, that is, xs from 
on AB^ CD, EF are all equal 

.'. the locus is a ©, with centre coinciding 
with the centre of the original © , and touch- 
ing all the chords. 



Fig. 275. 




(8.) Let A be the given pt., and C the 
centre of the given © . 

Draw AQGQ\ make Aq = ^ AQ, and 
Aq'=\ A(^, and take c the middle pt. 
of qc(. 

Then 
Ac=k {Aq + A(^) = i (^§ + ^QO=i AC. 

Similarly, cq=\ CQ. 

Draw AF to meet the © ©PC and take 
A^^^AF. 

Then '.• Ap^^ AF, and Ac=\ AC, 
.'. cp is II to CF, and cp= J CF. 

Hence the locus of j> is a ©, whose 
centre is c, and radius one-half of the 
radius of the given © . 
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43. On the given base AB de- 
scribe a segment of a 0, ADB, 
capable of containing an angle equal 
to the given angle E ; this segment 
will be the locus of the vertex of 
the A. 




Zi 



Pio. 277. 



44. The locus is an equal circle, whose centre is moved parallel to 
the given line through a distance equal to the length of the line. 



45. Let be the middle pt. of the ladder 
ABf DC the vertical wall, EC the horizontal 
plane. 

Then, \' lACB is a rt. z, a circle described 
with centre and distance OA will pass 
through C. 

.*. the locus is the quadrant of a described 
with centre C and distance OA. 




46. This is the well-known theorem that the locus is the chord of 
contact of tangents drawn from A. 

Let FH be the chord of con- 
tact of tangents firom A. 

From Oy the centre, draw 
OP J. to BCy and produce OF 
to meet HF produced in D. 

D shall be the point of inter- 
section of tangents from Pand C 
Vof rect OAf, 0-4 = sq. on 
OFy since OF A is a rt z. 

Also, since zs DPA, DMA 
are rt. zs, a can be described 
about A, My P, D. 

.-. rect. OF, 01>=rect. OM, OA, 

=sq. on OP, 
= sq. on OC ; 
.*. z OCD is a rt. z, and CD touches the at C. 
Similarly BD touches the at JB. 




(III. 36.) 
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47. Since i BCD = z CO A, 
.*. sum of zs GO A, CD A =two rt. zs ; 
/. a circle may be described round DCOA ; 
and this will be of constant ma^tnde, 
because AC, a, line of constant magnitude, 
cuts off a segment containing a constant angle. 
.'. the constant line CD cuts off a segment 
containing a constant angle, ^ 
Fio- 280. .•. I COD is a constant angle, 

and .*. D moves along a st. line passing through 0. 





48. Since z ACB is constant, 

.'. z CPB, which is equal to half the supplement 
of z ACB, is constant ; 

.*. z APB is constant ; 

.'. the locus is the segment of a described on 
ABy capable of containing an angle = z AFB, 



Fig. 281. 



49. Let be the centre of the 
CBED, and KO the diameter of 
ABD. Then KB, KD are x to 0-B, 
OD, and .*. are tangents to the 
CBED. 
Now 
z ABK — L ADKm same segment, 
and z ABK = z BDC in alternate segment, 
and z ADK = z ECD in alternate segment, 
,\iBDC=^ iJECD; 

= z KBD in the same segment ; 
.-. -Bj& is II to CD. 

Note.— 'In the diagram CD appears to pass through 0, but this is 
accidental, and is not material to the proof. 
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50. Let ABOJ) be the O, AB being C 
the fixed diameter of the © , and F the 
intersection of the diagonals. 

The angles at P are rt. angles (III. 
31), and AP=PC, and BP is common 
to AS APB, CPB ; 

.-. AB^BC. 

.*. C lies on a circle whose radius is 
AB, and whose diameter is 2AB 

Similarly, D lies on the Oce of an equal . 




Via, 283. 



51. Let AB be the fixed diagonal, 
and PQ the diagonal of constant 
length. 

Let AP, QB produced meet in -B. 

Then the angles APB and PB( 
are constant. 

.'. zs BPR and PBQ are constant ; 

/. their difference, z ABB, is con- 
stant; 

.-. B lies on the Oce of a passing 
through A and B, 

Similarly, 8, the pt. of intersection of AQ, PB, lies on the Oce of 

another circle. 




Fio. 284. 
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BOOK IV. 

Page z8o. 

Exercise. Let A be the given 
pt. With centre A and radius 
-45= the given distance, describe 
Da©. 

Produce AB to D, so that 
BD^%A.B, 
Fio. 285. Bisect Bjy in C, and with centre 

and radius CB describe a © . This will be the circle reqd., and 
BD is .*. the required diameter. 

Page z8z. 

Exercise. Let ABQ be an equilateral a, in- 
scribed in a © , of which the centre is 0. 

Then '.• OA=OB, and BC^AC, and OC is 
common to the as ^00, BOC, 

.-. I OCA = I 0GB. 

Similarly for the z s at -4 and B, 

Page 183. 

Exercise 1. For AD^^AF^ AO is common, and OD=^OF; 

r.iBAO^ lFAO. 

Ex. 2. Let DEF be a © inscribed in the right-angled lACB, which 
has L ACB a rt. z, and let the © touch the sides of the A in D, E, F. 

C Draw the radii OD, OF ; these 

are II to CF, CD, because the 
zs at D, 0, ^ are all rt 
angles. 
Then 
•/ AD^AE, and BE==BFy 
.\AC+CB-AB==DC + CF, 

^OB + OF, 
= diameter of . 




Fio. 286. 
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Ex. 3. Let DBF be a © inscribed in 
the equilateral a ABG^ toaching the 
sides in D, J&, F. 

Then •/ l QBE = z OGB^ (Ax. 7.) 

and L OBB = z OEC, 
and OB is common to as OBB, 0GB, 

.'. OB^OG. 
Similarly, OA = OB=OG. 




Ex. 4. Produce AB, ^0, sides of the A ABG 
%oD,B. 

Bisect IS DBG, BGB by BO, GO meeting in 0. 
Draw OM, OJV, OP ±s to ^1>, 0^, BG, 

ThenviOBM^i OBP, 
and z BMO=^ l BPO, and 0^ is common, 
.*. PO=-MO, and similarly PO^NO, 
.'.a © described with centre and radius PO 
will touch BD, BG, GE. 



Page 185. 

• Z 
Exercise. About the© J.^CI> de- 
scribe the square EFGH, and draw 
its diagonals EG, HF, which intersect 
in the centre. Then the four as 
HOE, EOF, FOG, GOHsne equal in g 
all respects, and it is manifest from 
Eucl. IV. 4, that if a © be inscribed 
in each of the four as, the ©s so 
described will be eqiial, and will touch 
one another and the © ABGD, 




Fig. 289. 



H 




c 

Fig. 290. 



Page 186. 

Exercise 1. From Ex. 2 on p. 144, it is clear that the O must be 
a square or a rhombus, because in no other O ABGD is the sum of 
AB and GD equal to the sum of AD and BC. 
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Ex. 2. Let ABCD be a square inscribed in a . 
From P, any pt. in the Oce, draw PA, PB, 
PCy PD. Join AG, BD : these are diameters. 
Then sum of sqq. on PA, P0= sq. on ^0 ; 

(I. 47.) 
and sum of sqq. on PB, PD =aq, on BD. 

(I. 47.) 
.'. sum of sqq. on PA, PB, PC, Pi)= twice 
sq. on diameter. 




Fio. 291. 



Page Z89. 

Exercise. Since z BAC= i ACE, for they subtend equal arcs 

BC, AE, 

,\ BA is parallel to CE, 

Page Z96. 

Miscellaneous Exercises on BooJc IV, 

1. Let ABC be an equilateral A, and the 
centre of the © described about it. CD, AE^ 
BF the J.S from the angular points on the 
opposite sides pass through 0, and bisect the 
sides. 

Then in the right-angled as EOC, FOC, 
V FC=^EC and OC is common, 

.-. OF=OE; and similarly OD=OF=OE, 

Fia.292. '' 

2. Let ^POD-SPG^jH" be a regular octagon. 

Bisect the zs HAB, ABC by AO, BO, meeting in 0, and join OH. 

Then, as in IV. 13, we can show that 
z AHO = z ABO ; 

.-. OjET bisects z G^lf^ 
and, if we draw OM, ON ± s to AH, AB, 
we can show that ON^ OM, 

Similarly, if x s be drawn from to the 
other sides of the octagon, these will all be 
equal 

.'. a © , described with centre and radius 
OM, will touch each side of the octagon. 
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3. Since BD touches the © AGD (see diagram to IV. 10), 
.'. L BDC = z CAD in alternate segment 
Now z BCD = z CBD-=2 l CAD ; 
.-. L BCD = L CBD=2i BDC; 

.*. BDC is the triangle required. 



4. Let ABCD be the given rectangle. a 

The diagonals are equal, and bisect each other 
in (I. 34, Ex. 1 and 2), and .'.a © described 
with centre and radius OA will pass through q 
A, By C, D. 




Fig. 2<H. 



5. Describe a © about the isosceles a ABC, 
which has z £J.C double of each of the angles 
at the base. 

Then '.• z J?^0=sum of zs ABC, ACB, b 

.'. z BAC is a right angle ; 

and .*. BC is the diameter of the ® described 
about A ABC, 




Fig. 295. 



6. Let ABC be an equilateral A de- 
scribed about the ® DEF, touching the 
© at the points D, E, F, 
Join DE, EF, FD. 
Then-/J.I>=^j&, 

.-. z ADE = z AED, 

Now z DAE=\ of two rt. zs, 

.'. z J-DJ^ is J of two rt. zs, 

and ADE is an equilateral A. 

.-. D^is||to-Ba 

Also, AC\a bisected in E, 

md.\BC=2.DE, 
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7. Let ABCD be a quadrilateral figure, whose diagonals intersect 
in P, and let rect. AP, P0= rect. BP, PB. 

From M, N the middle pts. of AC, BD, draw OM, ONi.to AG, 
BD, meeting in 0. 

Join OAy OB, OP, OB, 
Then 
)P rect. AP, PC with sq. on jlfP=sq. on AM ; 
AL=^- — " r\ ^^ /l\ and .'. rect. AP, PC with sqq on MP, OM 

=sqq. on AM, OM; 
.*. rect. AP, PC with sq. on OP=sq. on OA. 
So also, 
Q rect. BP, PB with sq. on OP =sq. on OB. 

Fio. 297. .*. OA — OB. 

Now OB=OB (I. 4), and similarly OA^OC, 
.'.a © described with centre and radius OA will pass through 
A, B, C, B, 




8. Let ABC be an equilateral A inscribed in a © , of which (7 is the 
centre. 

Produce ^0 to D, then AB is x to BC, 
Then z OPD= J z ^£C=i of a rt. z ; 
.-. z P01> = twice zOPjD; 
.-. PO=twice OB. (Ex. 3, p. ii6.) 

Now 
/> sq. on ^P = sq. on J.0 + sq. on BO + 2 rect. A 0, OB, 

(IL 12.) 
Fig. 298. = sq. on ^0 + sq. on -40 + rect. AO, BO, 

= three times sq. on AO. 
And -40 is equal to the side of the hexagon inscribed in the©. 




9. Let ABCB be the given rhombus. 
^ ly, Draw the diagonals AC, BB, and from the 

point of intersection draw OM, ON, OP, OQxto 
the sides. 
Then '.• z OMP= z ONB, and z OPM= z OPiV^, 
and OB is common to the as OMB, ONB ; 
^ ^ .\OM=ON 

Fig. 299. Similarly, 0-af= 0(?= OP. 

.*. a® described with centre and radius OM will touch the sides. 
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10. Let be the centre of the © . 

Join AO, BO, and let MO cut AB in P. 

Then rt i MAO^rt. i MBO, and MA^MB, and AO=^BO, 

.-. I AMO = z BMO. 

Hence BP^AF, and the zs at P are rt. zs ; 

.'. COP m a straight line, because the line M ^A 

drawn from an angular pt. of the equilateral 
A through the centre of the © described 
about the A bisects the opposite side at rt 
angles. 

Next, 
since i MAB = z ABC=i of two rt zs, 
/. z MBA=i of two rt. zs, 




Pio. 300. 



and .'. z AMB'^i of two rt. zs ; 

.-. z AMD = z ACD ; 

and z MAD = z J. CD in alternate segment, 

.-. z AMD = z M^2>, and .'. AD=^MD. 

And •.• z AMD = J of a rt z, 

.-. z J02>=Jof art z ; 
and .*. z i)J.O=| of a rt. z, 
= z ^OD ; 
,\DA^DO\ 
.', MD^DO^OC. 



(Ax. 7.) 



11. Let A, P, C, D, P, P be the angular 
pts. of the regular hexagon inscribed in 
the 0. Then these are the pts. in which 
the sides of the circumscribed hexagon 
touch the ©. Take the centre. Then 
since the zs OAN, OBN are right zs, a 
circle can be described about ANBO, of 
which ON is the diameter. 

Bisect ON in P. 

Now AOB is an equilateral A, and ON 
bisects z AOB (I. 8), and isx to AB. 




Fig. 801. 
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Hence PA=PB (I. 4), and i APO = z BPO, 
and .*. I APQ = z £PQ, and each of these zs==2 z ^0P=§ of art. z ; 

,-. zP^Q— J of art. z ^iPAO; 
.-. z §^JV=Jof art. z. 
Hence, since P-4^ is an equilateral £^, AQ bisects PN. 
Then area of external hexagon = 12 . A AON =6 . rect. AQ, ON ; 
and area of internal hexa^on=12 . A^0Q=6 . rect. AQ, OQ; 

and .*., since 0Q=| ON, 
area of internal hexagon =1 . area of external hexagon. 



12. Take AB as the diameter of the semicircle, and bisect it in C. 
Take I>j&=5 PO, and on DjS^ describe a rectangle DEMR=aq, on 

Ba 

Take in DE the part DF^BC, and draw FG \\ to DP. Then 
i>PGfP=5 sq. on PC. 

Describe a square /S>= rectangle DFGRy and in CB take CH^^Sk side 
of this square. 




M 
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Draw JI§± to OP. 

Then sq. on 0^=5 sq. on CH, 
.'. sq. on HQ^4 sq. on CHy 
.'. HQ=2 CH, 
Take CN=CH, and draw JSTPxto AC, 

Then PJSr=§fl; and .-. QP=NH. 
Then PNHQ is the square required. 



(I. 47.) 
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13. Let A^ B, 0, D,EyFhe the angular 
pts. of a regular hexagon inscribed in the 
given © , whose centre is 0. 

Produce OD to 3f, so that DM=DO ; 
and produce OE to N, so that EN=EO. 

Join MN, bisect it in P, and join OF, 

Then since z j&OjD= J of two rt. zs, and 
ON=OMj .\ ONM is an equilateral a, 
and /. OP is ± to MN, 

.', circles described with centres M, N, 
and radius^ DO, will touch each other at 
P, and will touch the given © at D and E, 

Similarly, by producing OF, OA, OB, OC the four other ©s may 
be described. 




Fio. 308. 



14. Let OM, ON, OF be the three perpendiculars, so placed that 
z MON is the supplement of one of the 
given angles, and z POJV the supplement of 
another of the angles ; then z FOM must be 
the supplement of the third angle. 

Draw AC, CB, BA±to OM, OF, ON, 
meeting in A, B, C. Then ABC is the tri- C 
angle required, because the zs at ^, JB, 
are supplementary to zs MON, NOF, FOM respectively. 




15. Let AB, -40 be the given lines. 

Bisect z BAC by AE, Draw ^D x to AB, 
and make AD = the given radius. 

Draw DO II to AB, and let it meet AE in 0, 
and draw OQ, OR 1. to AB, AC 

Then •.' z OQA = z OBA, and z QAO = z BAO, 
and AO is common ; 

.-. OR=OQ=AD. 

.'.a © described with centre and radius 
^AB, will touch AB, AC in Q, P. 




94 KE y TO ELEMENT A R V GEOMETR V. 




16. Let 0, C be the centres of the two circles. 
Draw OP a tangent to the other ©, then since the s cut one an- 
other at rt. zs, P is a pt. in the Oce of the circle whose centre is 0. 

Draw OQ, the other tangent, from 
to the larger © . 

Then since 00=2 . OP, and OPC 
is a right z, .'. OC is bisected by the 
smaller © in i2. 
.'. JR is the centre of a © passing 
►^ through CPOQ. 

.-. EP=BO^OP, and .«. PRO is 
an equilateral A. 

.-. I POE^i of two rt. IB ; 
.-. z POQ^i of four rt. zs ; 
Fio. 806. /Q>^ and z PCQ = J of two rt. zs ;• 

.*. PQ is the side of a regular hexagon in the larger circle, and PQ 
is the side of an equilateral A in the smaller circle. 

17. Let OP meet AC in T. 

The angles at Q and B being right 
zs, a © will circumscribe PQOB. 
.\ L OQB = z OPB = z OTE= z BAC, 

Also, z QOU = supplement of z EODy 
= z ^05 ; 

.-. the third z OJBQ = z ^50 ; 

.'. AS OQJR, -450 are equiangular. 

Page 198. 

Senate-House Riders. 

1848. I. 34. Let ABCD be a O, and let the diagonals intersect 
each other in E, 

Then A ^DO = half the O, 

= A DAB. 
Take from each A AED. 
Then A D^O = A BEA. 
Similarly A AED = A BEG. 
Next, draw DP \\ to -SO and CP \\ to -KA 
Fio. 808. and join EP. 





KEY TO ELEMENTARY GEOMETRY, 



95 



Then DP=^EC=^EA, and ED is common to as PDE, ADE, and 
z EDJ" = z AED ; 

/. A jD-KP = A AED. 
But A DEP^h&U the O DJS^CP = a DEC. 

.\aDEC = A^^D = lBEC = aP^^. 
The diagonal bisects the angles when all the sides are equal. 



III. 15. Let AB, CD be any two equal chords 
in a circle. Then they are equidistant from the 
centre. Draw ±s OM, ON to A B, CD, Then a 
described with centre and distance OM will ^ 
touch each of the equal chords. 




D 

Fio. 309. 



III. 20. z AOC « twice i ADC ; 
z BOD = twice z BAD ; 
.'. sum of C 

Z8 AOCy POjD=twice sum of zs ADC, BAD 

= twice z AEC. 




Page 199. 



1849. I. 1. Let' AB be the given line. 

With centre A and distance AB describe 
a © , and produce BA to meet this © in D. 

With centre B and distance BA describe 
a © , and produce AB to meet this © in C. 

Then with distance A and radius AC de- 
scribe a © , and with distance B and radius 
BD describe a © , and from E, where these 
©s intersect, draw the st. lines EA, EB. 

Then EAB is the A required. 




kVQ.^W. 
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II. 11. Taking the diagram on p. 89, it b clear that 
(1.) rect. DC, CK= sq. on DK. 
(2.) rect. DF, f^-sq. on AD (since AD=AB). 
(3.) rect. KG, Gff=sq. on HK. 

(4.) BE is aimilorlj divided, but the proof depends on 
Eook VI., since if M he the pt. where BE cats 
UK, AB BHM, BAE are similar, and .-. AB and 
BE are similarly divided in H and M. 
IV, 4 For this problem of the escribed circle see IV. 4, Ex. 4. 
1850. I. 34. See Exercises 6, 5, 2 on p. 59. 

II. 14. See Exercise SO on p. ISO. 
^1 III. 31. Let ABGD be any rectangle in- 
scribed in a @ ; then the diagonals bisect 
each otlier in the centre 0. 

Draw the diameter NOM J. to BD ; then 
^B NBMD is a square, and its area ia=recL NO, 
BD. Draw AP A. to BD. 

Now area of rectangle ABCD = AP, BD; 
and since AP ia less than AO, AP is less than 
"' NO, and .■, area of the square is greater than 

area of the rectangle. 

III. 34. Construct an equilateral i ABO, and draw AD ± to BO. 
Then i. BAD=i of two rt. ia. 

Diaw HEO a tangent to the S MEF. 
Uake i FEO - i. BAD. 




A 

A 




Then i FEO =f of two rt. is, 

and i FEH=i of two rt is ; 

. '. J in segment FNE^hve times ^ in segment FMB. 
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IV. 10. If be the centre of the smaller © , 

* iC0D^2iCAD. 
Now i CAD=i of two rt. zs ; 

.-. z COD=i of four rt. zs. 
Hence CD, to which BD is equal, is the side of 
a regular pentagon inscribed in the smaller 0. 

Pio. 314. 

1851. L 38. Let ABC, ABD be two equal as upon the same base 
ABy and on opposite sides of it : join CD meeting AB in E. 

Make z ABN = z ABD, and BN^BD, and join CN, AN, EN, 

Then aABN = £iABD -^c^ABC, 

Hence, by applying the Proposition as 

in I. 39 and 40, we obtain that CN is || 
to BA. 

.'. A CEB = A NEB, on same base, 

= A DEB, by the construc- 
tion of the figure. 

Hence as CEB, DEB must be on equal 
bases, CE, DE. 

For, if not, let CE=EF. Pio. 315. 

Then A CEB = a BEF (I. 38), which is impossible ; 

.-. CE^DE. 

I. 47. See Exercise 28 on p. 118. 

III. 22. From any angular pt. A^ draw Ai A4, A^ A^ to the third 
angular pt. on each side of A^, cutting off quadrilaterals. Since the 
number of remaining sides between A^ A^ is even, a certain number 
of quadrilaterals may be formed by 
joining every second angular pt. from 
Ai with Ai, and all these quadrilaterals 
are inscribed in the 0. 

.'. z AiA^i + z A^^Ai = two rt. 
angles, 

z AiAiAs + z A^^i = two rt. 
angles, 

z AiA^i + z AjA^i = two rt. 
angles, 

z AiA^A^ + z A^AifyAi = two rt. 



G 
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Adding, sum of alternate angles A^^ A^^ A^, etc. = twice as many 
rt. angles as there are quadrilaterals =2 (r- 1) rt. angles, the number 
of sides of the polygon being 2r. 

.'. sum of alt. angles + two rt zs=as many rt. zs as there are sides. 

IV. 16. Describe a regular quindecagon in a 0. 
Each of its angles =J| of two rt. zs. (I. 32, Cor. 1.) 

Produce one of the sides ; then the angle between the produced 
part and the adjacent sides =f^ of two rt. zs. 

Take a second angle four times as great as this angle, and there- 
fore = ^^ of two rt. zs. 

Take a third angle = one of the angles of^ an equilateral A, and 
therefore =^\ of two rt. zs. 

Then describe a A with its angles equal to these angles, and then 
inscribe in the given a triangle with its angles equal to the angles 
of this A. 

1852. I. 42. Let ABC be the given A. 
Bisect AB in D, and AC in E. 
Draw C?DjP making z GFC equal to one of the 
given angles. Through A draw GAH \\ to BC, 
and through JE draw HEK \\ to GF. 
Then since A ADG = A BDF in all respects ; 
Fio. 317. and A EH A = A EKC in all respects ; 

the lines DF, EK divide the triangle in the required manner. 

II. 12. Let BC be the base, ABC one of the as. 
Draw AD ± to J5C, or BC produced. 

Then since (fig. 1) sq. on J.J5=sqq. on AC, JSOwith twice rect 
BC, CD ; 

A A 




Fig. 1. 




B 

Fig. 318. 




Fio. 2. 



.'. since difference of sqq. on AB, J.0 is constant, and BC is constant, 

.*. CD is constant ; 
.*. the vertex lies in the line drawn from ^ x to BC produced. 
Similarly (fig. 2), it may be shown that, in the case of z at C being 
sn acute i, that the vertex lies in the x on BC from A. 
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We have taken AB greater than J.0, and if we take AG greater 
than AB^ we can show in the same way that the vertex lies in an- 
other fixed St. line. 

IV. 3. Let ABG, DBF be the as ; 
0, P two of the pts. of contact ; R, N, Q 
three pts. of intersection of the sides. 
Then DO=i DE=i AC=AP, 
and NO=:NP, 
and .-. AN^DN. 
Also, L ANE = L DNQ, 
and I NAB = i NDQ, 

.-. NB:^NQ. (I. 26.) 
Similarly, the other sides of the hexagon 
may be proved to be equal 
When ED ia\\ to BC, I ARN=lANR; 
and. \ /. NRB^ I BNC; 
and the hexagon is equiangular ; but not otherwise. 

1853. 1. B. Cor. Let ABC be an 
isosceles A, having AB = AC, Draw 
BDF, ODE as directed. 
Then A BDG is evidently isosceles. 
Also, 
z DBE + I BDE + I BED=two rt. zs; 
and I DBE + 4 z CJ5D=two rt. zs ; 
andz5D^=2zCJ5D; 
.-. z BED=2 L CBD = z BDE; 
.*. A BDE is isosceles ; and so is A CDF. 

Fio. 320. 





L 29. Let ^, D be the pts. and BM the line. 

Draw -40 ± to CB. 

Make z GAN=^i of a rt z. 

Then z CiO=| of a rt z. 

Draw D^ || to BC 

Make z EDF^l of a rt. z ; 

.-. z OJ^iV=§ of a rt z ; 
.*. -FO-^is an equilateral A. 




'5\a.^*i\. 
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Fra. S22. 



11. U. Since J-J-Jff, and ^JS-=XD, audi 2*'dB = 
■.lAFB = lABB; 
.: L LHB = L AFB, and i. LBB = i. FBA, 
.-.iBLH- iFAB=a,Tti. 
P Neit, EB=EF, and .-. i. EBF ■= i EFB. 

.: in right-angled as FLD, OLB, 
:■ L FLD - i OLB, and i. DFL = i OBL, 

.: I FDL = i LOB ; 
.: L EDO - i. EOD, and .■. EO=ED—EA, 
and .'. ^ ^Oi> is a rt z. 
Again, since EB=EF, and £0=£^, 
.-. OB~AF^AH. 
.: in as JOir, OiB, since i OAH = l LOB, 
and i AGS = i OiB, and Jff- OB ; 
.-. AO'-LO, and HO~LR 
Aiao, DH=FB, and HO=LB, and .-. DO=FL. Complete the 
recton^es DLFM, DLBA8. 

Then lect. i>£, iO-fig. JiD-flg. FD=sq. on DO. 

III. 32. Let A he the given pL, BCD the circle, 
26 the given angle. I>raw AB a tangent t« the 
® at B, and make i ABC=a rt. angle - 6. 
Then angle in segment BDG=& rL angle-d ; 
and angle in segment BEC=& rt. angle + 6 ; 
.'. difference of the angles in the segments=2d. 
Then if in BCD a eoncentrio © be described 
/ touching BC, and a bingent to the inner he 
drawn from A, the part of this tangent inter- 
cepted by BCD will cut off the required 
segments. 

Ill, 36. Let C be the given centre, and A 
the fixed point in the given line APQ. 

Describe a semicircle on AC as diameter, 
and place in it AD=&\Ab of given square. 
With centre C and radius CD describe & 
Q circle cutting the given line in P, Q. This & 
touches AD, because i ADC is a right angle. 
.-. rect. AP, AQ=aq. on AD. 
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1854. L 43. Join BB, 

ThenJTC-JTil 
^OB-OA, 
=-2(£iCKB- aAKD\ 

^2(£^CNB+ ANKB-£iAND-^LDKN), 

^2£iBKD. c 




II. 11. Let AB be the given line. 
Bisect AB in D, and draw BC'^ABy a 
and J. to AB, 

Join DO, and produce AB to jP, so that 
DF^DC. 
Then rect AF, FB with sq. on DB 

= sq. onDJ^, (11.6.) 

=8q. on DC, 
=sqq. on GBy BD ; 
.*. rect. AFy J^J5=sq. on CB, 

=8q. on AB. 




III. 22. Let the ©s described about 
ABP, BCQ meet in B. 
Then x PjB5= supplement of i PAB, 

= I DAB, 
And z QJB-B = supplement of z Q0J5, 

= z DCJ5. 
Now sum of zs DAB, DC5 =2 rt. zs ; 
.-. sum of zs PRB, QJB5=2 rt. zs ; 
.'. PBQ is a straight line. 



IV. 10. Let PQ be the given st. line. 
Make z PQO = z 5^D in the Proposi 

tion, 

andzgP0 = zJ5^D. 
Each of these zs is ^ of two rt. zs ; 
.-. z POg={ of two rt.zs; 





Fro. 328. 



.*. z POQ is treble of each of the aivg^k^ «A. \k^\i^a»^. 
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Fig. 329. 



1855. I. 20. Let'O be the point 

Then sum of OAy OC is greater than AC ; 

sum of OCy OB is greater than BC ; 

sum of OB, OA is greater than BA ; 
.*. sum of OA, OB, OC is greater than half the 
C sum of AB, BC, CA. 



I. 47. Let jD^be drawn || to 50 the hypote- 
nuse of the right-angled A ABC. Join BE, CD. 
Then sq. on DC=sum of sqq. on DA, AC^ 
and sq. on -B^=sum of sqq. on BA, AE ; 
.*. sum of sqq. on DC, .60= sum of sqq. on 
BA, AC, DA, AE, 

=sum of sqq. on BC, DE. 




Fig. 880. 




II. 9. See Exercise 41 on p. 119. 

III. 27. Let BAC be any one of the as. 
Draw BDF, CDO ±b on AC, AB. 
Then since zs at 0, P are rt. zs, z BDC = z ODP, 

= supplement of z BA C, 
.'. z BDC is a constant z. 
.*. locus of Z> is the segment of a described 
on BC, capable of containing z BDC. 
Also, the line bisecting z BDC must pass 
Fig. 831. through the centre of the © described about a 

BDC, and similarly for the lines bisecting z BDC in other positions. 

IV. 4. Join DG, EG, and draw GK, GH ±a to AD, AE. 

Let be the centre of the © inscribed in 

A ABC. 

Then *.• AE=^AD, and AF is common, 
and zD^Z= i EAF, 

.'. GF bisects DE at rt. zs ; 
.-. GD--GE, and z GEF = z GDF, 
.'. L GDK = z GEH, and .*. GK=GH. 
Also, z HEG = z C?DiS^, (III. 32.) 

= I GEF; 
.-. GF=GH. 
Hence a © described with centre G and 
distance GFwiU. touch the sides of aADE. 
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1856. 1. 34. Let ABCD be a rhombus, whose 
diameters A G, BD intersect in 0. Then zs at 
are rt. zs. 

Then area of rhombus =rect. AO^ BD. 

Now let ABCD be anyO not a rhombus, D 
having its diagonals equal to the diagonals of 
the rhombus. 

Then, if ^P be drawn x to BD, 

area of CJ -4J5CD=rect. AP, BD ; 

and AF is less than AO, .'. area of the O is 
less than area of the rhombus. 




Fig. 333. 



IL 12. Sum of sqq; on AG, CD = twice sum 
of sqq. on CB, BA (p. 91, Ex.) ; 

.*. sum of sqq. onAB, CD = twice sum of sqq. 
on CB, BA ; 

.'. sq. on CD = twice sq. on CB with sq. on 
BA. 




Fig. 334. 



IV. 15. Let ABC be an equilateral a inscribed in the © of which 
is the centre. 

Produce BO to meet the Oce in D, and join 
AD, DC. 

Then i ^OD=twice l OAB, 
= J of two rt. zs. 

.'.AD is the side of a regular hexagon in- 
scribed in the © ; ^^ 

and since A -40D is clearly equilateral, AD 
=3 radius of circle. 

Similarly, DC may be shown to be a side of 
this hexagon. 

And if -40, CO produced meet the Oce in E, F \ CE EB BF 
FA are sides of the hexagon. 

Also area of hexagon =« six times a AOD, 

=six times A AOB, 
=twice A ABC. 




Fig. 335. 
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1857. I. 35. Sum of As JEFC, EFD = lEDG 

sum of AS DFBy EFD = £^DEB 
= ii^ABE^i£iABC; 

.\hEFC+ ADFB+2AEFD=i£iABC; 
.',aAFE+ AAFD + 2£^EFD=^i£,ABC; 
,\£^ABE+Zt.EFD=^\LABC, 
Mm,hADE^it^ABC \ 
,\3^EFD=-i£iABC; 
,',lADE=3lEFD, 




II. 13. Let ABC be the A, ^ the centre of 
the © , which is of constant radius. 

Then since sum of sqq. on BA, -40= twice 
sum of sqq. on AE^ BE ; (p. 9^ Ex.) 

.*. the sum of sqq. on BA, ^0 is a constant. 



Fio. 337. 



III. 22. Let ABGD be the quadrilateral, 
and take E, F, G, H pts. in the exterior 
segments. Complete the figure as in the 
diagram. 
C Then sum of is AED, AHD^^two rt zs 

(IIL 22.) 
and sum of zs DHG, DFG=tYfO rt. zs 
C (in. 22.) 

and sum of zs GHBy GGB= two rt. zs 

(IIL 22.) 
.-. sum of zs AED, AHB, DFG, GGB^aix rt. zs. 




IV. 4. Let ABG be the a ; ^ A BE, GF the ± s ; 
di, di the diameters of ©s inscribed in as ABD, ADG ; 
rfg, ^4 the diameters of ®s inscribed in as BEG, BE A ; 
(Is, cU the diameters of © s inscribed in as AGF, BGF. 
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Then by Ex. 2 on p. 183, 

AC + dt^AD + DC, 

AB-\-di=BE+EA, 
AC-\-d,= CF + FA, 

BC + de = CF + FB; b d 

.'. adding, we obtain Fio. S89. 

sum of diameters + twice sum of sides = twice sum of x s + sum of sides ; 
.*. sum of diameters + sum of sides = twice sum of x s. 

1858. I. 28. The rider has been already explained on p. 47. 
IL 7. Let ABhe the given line. 
Draw BD x to ABt and equal to AB, 
Join AD, Produce ^5 to 0, so that AC=^AD. 
Then sqq. on AC^ BC=^2 rect. AC, CB with sq. 

on AB; A B C 

.-.sqq. on AB, BD,BG=2 rect ACyCB with sq. on BD; 

.'. sqq. on AB, BC^2 rect AG, CB, 

III. 19. Let A be the centre of the given Q, B the given pt. in the 
st line CD, ^ B 

Draw BE ± to CD, Join BA, 
and produce it to P so that rect. BA, 
-4P=sq. on radius of given ©. 

Then P is known, and it is a point 
in the Oce of the © which has to be 
described. Bisect BP in 0, and draw 
OQ ± to BP, and meeting BE in Q, 
then Q will be the centre of the pass- 
ing through P and touching CD in B. 

Also, since rect. BA, AP=sq. on 
radius of original ©, the common chord of the two s will evidently 
pass through A, and the new will therefore bisect the original 0. 

1859. I. 41. Let ^JBOD be the given O. 
Take i?0= one-third of BC, 

PO=one-thirdof DC, 
and join AE, AF, and draw EG \\ to AB, 
Then A ABE=\CJ AE, 

^ICJABCD; 
and similarlj A ADF=i /U ABCD \ 
. : quadnhteial AISCF^^ O ABCD, 
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II. 13. See Exercise 10 on p. 94. 

III. 31. Let ABC, ADE be the equal ©a. 
Draw the chords JLJ5, ^Z), at rt. zs to each other. 
Draw EOAFC passing through the centres 0, J^. 




Fio. 843. 

Then zs ABC, ADE are rt. zs, 
and L DAO + z 5J[0=a rt. z, 

=^ iBCA+ iBAC, 
.-. I DAO = I BCAy and .-. DA is || to BC, 
Again, in As EDA, ABC, 

'.' L EDA = L ABC, and z DAE = z BCA, and ^^ =^0, 

.'.AD^BC; 
and .*. D^ is || and=to AC (I. 33) ; .*. DB^OF. 



(III. 31.) 



IV. 4. Let -BC be the base ; BAC the vertical z ; the centre of 
one of the escribed ©s, touching AC, and the other sides produced. 
Join OB, OC, and produce BC to T. 

Then OB, OC bisect zs ABC, ACT. 
Now z J50C = z OCT- z 0£C, 

^IlACT-^lABC 
^\iBAC, 
The locus is therefore the segment 
of a ©passing through B and C, and 
haying ^ z .BJ.C as the angle in it. 
The angle subtended by BC at the 
centre of this ©being — z BAC, the 
centre must lie on the circumference 
of the circle described about BAC, and as BC is a chord, the centre 
mast be at D, the point farthest from BC, 

Note, — If A move to the other side of BC, the conditions are 
different, and the locus will be the centre of another ©. 




Fig. 344. 
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1860. I. 35. Draw CP || to BJ), 
Then '.• l MBD = l MCF, 
and L DMB = z FMC, 
and BM=MG, ,\ CP=BD. 
Now I AED = I ADE ; 
.-. L CEF^ L CPE,aiid.\GE=^CP=^BD, 




Fio. 345. 



II. 14. (1) Let AB be the sum of the sides. 
On AB describe a semicircle ADB. 
Draw AC± to AB and equal to a side of the 
given square. 
Draw CD \\ to AB, and DE± to AB. 
Then rect. AEy JS?J5=sq. on ED, 

=sq. on CAy 
and sum oiAE,EB=AB, A 




E B 



(2) Let ABhe the difference of the sides. 
On u^f as diameter describe &(DAEBD, 
Draw A Ci. toAB and equal to a side of the 
given square. 
Draw CEOD through the centre. 
Then rect CD, CE =aq. on AC ; 
and difference of CD, CE=AB, 




Fig. 346. 



III. 36. Join AO, and produce it to meet DE in F, 
Then since rect. AC, AE^rect. AB,AD, 
a © may be described about CBDE ; 
.-. I ABC = z AEF. 
Join CQ. Then '.• i ABC = z ^.§0, 

.-. Z^^jP= z^QC; 

.*. a ©may be described about CEFQ ; 

.-. z COJ^ + z QFE=two rt. zs ; 

and z (JO^ is a rt. z , since AQiaa. diameter ; 

.-. z^Z^isart. z. 




Fio. 347. 
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IV. 10. Take the diagram in Euclid IV. 
10, and complete it as directed. 
Then z ^J^i>= supplement of i ACD^ 
= L BCD = z ABD ; 
.\lADE^ lAED= lABB^ lADB; 
.-. third z J^^D=third z BAD. 
Then z BAF = 2 z BAD = z ABD; 
and z ^5Z = 2 z BAD = z ^I>£ ; 
.-. z^jPJ5= z^^D. 



1861. I. 32. Let EF be the given st. line. 
Draw FP || to CB, making an acute z with EF. 
Make z NCB = z JTZP, CiV meeting AB in J^. 
DrawQJVTMIItoiS^jP. 
Then '.• z i^OM = z ^FP = z JVMC, 

.-. CN^NM. 




C B M P 

Fio. 849. 

Also, z QCN= complement of z NGM, 
= complement of z NMC, 
= ^ C<?iV, 

.-. QN=NC^NM. 




II. 13. Sq. on Pi)=sqq. on PJL, AD dimi- 
nished by 2 rect. BA, AE ; 

and sq. on Pi>=sqq. on BA, AD diminished 
by 2rect. ^D, ^C; 

.*. 2 rect. BA, AE:=2 rect. AD, AC ; 
.-. rect. BA, AE^rect AD, AC. 



Fio. 350. 
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III. 32. Let the tangents meet in T. 

= supplement of i FBA, 
= complement of z CBF, 
= complement of i CA F, 



(III. 22.) 




Fig. 351. 

L TEF-= L EDA, (III. 22.) 

= complement of ( z EDB + z DAB), 
= complement of ( z FAB + z DAB), 
= complement of z DAF, 
= complement of z CAF, 
.-. z TFE= iTEF; 
.'. TE-:=^TF', 
and these tangents being equal, T must be on the common chord of 
the ©s, ».e. on AB produced. (See p. 171, Ex. 23.) 

The proof is similar when FEA bisects the exterior angle between 
GA and DA. 



IV. 4. The first part of this rider has been proved in Ex. 4 to IV. 4. 
Let the inscribed© touch ^0 in D, 
and the escribed ©touch BC in E. 

Then, from the properties of tan- 
gents, 
2AB + 2CD=sum of sides of A ; 
2^5 + aB^=sum of sides of A ; 
.-. CD=BE; 
/.ED^BD-BE, 
^BD-DC, 
=BF-CH, 
^AB-AC. 




E D 

Fig. 362. 
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1862. I. 4 Let P, 0, Q be the vertices of the 
equilateral as. 
Then z PCQ = z PCD + l QCD, 
= z FCD + z PC5, 
= z 50D ; 
also FC=BC, and CQ=^CD; 

.-. FQ^DB, (I. 4.) 

Again, z 0-BP = z 0-B^ + z ABF, 

= z P50 + z ^5P, 
= z^50; 
and OB=AB, and BF=^BC; 

r.OF=-AC. (1.4.) 



II. 10. Let ^iJ be the given line. 

Take ^J^, in AB produced, such that sq. on AE=3 sq. on -45; 
cutoff^O=-BJgr. 

Then CE=AB. 

-5 E Make CD=AC; then CB=DE. 

Now since ^D is bisected in C 
and produced to E, 



C B 

Fio. 354. 



sum of sqq. on AE, DJ^= twice sum of sqq. on AC, CE ; 

.*. 3 sq. on ^-B + sq. on CB=2 sq. on AC+2 sq. on AB ; 

.*. sq. on -4-B + sq. on CB=2 sq. on AC. 



III. 28. Let ABC be the new 
position of the A ABC when it has 
been turned about A, 

Let the two positions of the base 
produced intersect in D. Join AD. 

Then 
z ^(7D= supplement of z ACB\ 
= supplement of z A CD ; 
.'. a circle can be described about 
/s A CDC ; and since chord4 C= chord 
AC, 

.'. L ADC-' L ADC. 
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IV. 10. In aic AED of the smaUer © 
take any pL M. 
Theni.iJSI>-supplementof lACB, 
= L BCD, 
=iABD; 
.-. chord AD BUbtends equal aoglea in the 
circle A ED and in the circle described 
about A ABD i 

.'. these 0s ara equal. 




1883. 1.47. DTawtU±stc<,nxA,B,C 
:o opposite sides meeting those sides in 
'j S. T ; <h. A, 7i. 

Then sqq. 0DBa,Aa, Cfi, BB, Ay, Oy, 

=aqq. on AB,BC,CA, 

=sqq. on Co, Aa, Bfi, Aff, By, Oy. 

And taking away common squares, 

qq. on Ba, C&, .ily = sqq. on Ca, A&, By; 

: sqq. on 5,a^ Jo, ; OA, BA; -l.yi, Cy, 

= sqq. on (7,au Jo,; .^A.BA; B{fi,Oy^; 

.: aqq. on JB,, ^d, CJ,=sqq. 




II. 11. Let AB be the line to be divided. 
On AB describe a square ABDC, produce GA U 
so that AE=the other ^ven line. 

Complete rectangle AEMB, and make rectan 

ECKO=AEMB. LetGKvatABiaH. 

Then, taking away rectangle EH, 

AK^GB; 

or, rect. AB, AB-rect HB, AE : 

.-. HiA the point required. 



K 
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III. 28. Solved before as Exercise 31, on p. 172. 



1864. I. 38. Let ABCD be the quadrilateral, having AB\\ to CD. 
Join ACj BD, intersecting in ; bisect AB in E ; join EO. Therm. 
EO produced shall pass through the middle pt. of DC, 

For, if not, let F be the middle pt. of DC, such that EPF is a st- 
line, and join FO, 

Then £^ DAB = t^CAB, 

and A OAB is common, 
/.£^DAO = aCBO. 
Aho lEAO ^ lEBO, 
andAJTOO^ AJP'CO; 
.-. figure D^^OJP'=figure CBEOF ; 
.-. figure DAEOF^haH of figure ABCD. 
ButLFEA =£,FEB, &nd£,AFD = lBFC; 

.-. figure D-4JgrPJP'= figure CBEFF; 
.'. figure DAEPF-=ha]£ of the figure ABCD, 

= figure DA EOF, which is absurd. 
Hence F is not the middle pt. of DC. 

Similarly, it may be shown that no point, except one in EO pro- 
duced, is the middle pt of DC. 




II. 14. Bisect the given st. line AB in P, and divide it in Q, so 
that rect. AB, PQ== given rectilineal figure. (I. 45 and II. 14.) 

Take BD=PQ, and divide ^D in 

A C P p Q. ^ B (if possible), so that rect. A C, CD = given 

Pjq 3gjj rectilineal figure (II. 14) ; then OandD 

shall be the points of section required. 
For rect. AC, (/D=given figure=rect. AB, BQ^^reat AB, DP. 
And sq. on ^D = sqq. on AC, CD with 2 rect. AC, CD, 

=sqq. on AC, CD with 2 rect. AB, DP, 
=sqq. on AC, CD with 4 rect. AP, DP ; 
also, sq. on ^D=sqq. on AP, PD with 2 rect. AP, DP, 

=sqq. on BP, PD with 2 rect AP, DP, 
=sq. on BD with 4 rect. AP, DP ; {Eucl. II. 7.) 
.*. sqq. on AC, CD = 8q. on BD. 
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IIL 36. Let be the centre of the circle, ABCD the diameter. 
It is evident that PS, QR, intersect on some point in A D. 




Fio. 361. 

Also iPCA=-\lPCR = lFQR] 

.', POCQ can be circumscribed by a © ; 
.-. rect. AO, AC=Tect AP, AQ, 

= Tect,AB,AD; 
.'. is a fixed point. 



IV. 11. Let Z, ^, 5, C ... be con- 
secutive angles of the figure. 
Join ZA, AB, BC, CD, AC, BD. 
Then since i ABC = i BCD, 
.'. arc -40= arc BD ; 
and, taking away the common part BC, 
arc ^JB=arc CD : 
and .*. side -4 5= side CD. 
Bimi\sTlj,side AB=-CD=EF= . . . 
=ZA^BC'=^ . . . the number of sides 
being odd. So all the sides are equaL 




1865. 1.20. Let ^JB be the given line, 
P and Q the given points. Join PQ, and 
produce it to meet AB, ot AB produced, 
in R. Then shall PQ be greater than the 
difference of any two lines drawn from P 
and Q to the same point in ^^, as PD, QD, 

For sum of PQ, QD is greater than PD\ fig. 363. 

.*. PQ is greater than the difference beWeen PI> \isA QD^ 

H 
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II. 12. Draw AN i. to, and .'. bisect- 
ing, BQ, 

Then sq. on ^D=sqq. on AC^ CD, 
with 2 rect. CD, CN ; 

.-. rect. AD,AE with rect. AD, DE 
D =8qq. on AC, CD with 2 rect. CD, 
CN; 



c 

Fio. 364. 

.-. rect. AD, DE=aq, on CD with rect. CD, BC, 

=rect. BD, CD, 



(II. 3.) 



III. 18. Let DC be ± to AB the line joining the centres A and B. 
Draw DP, DQ, tangents to the ©s. Join AP, A D, BQ, BD. 
Then sq. on PD=sq. on ^D~sq. on AP, 
sq. on (22)= sq. on 5D — sq. on BQ ; 




D 

FiQ. 365. 

.*. difference of sqq. on PD, (Ji)= difference of sqq. on AD, BD 
with difference of sqq. on BQ, A P. 
Now difference of sqq. on AD, 5D= difference of sqq. on AC, BC, 

=:a constant ; 
and difference of sqq. on BQ, AP=a, constant ; 
.'. difference of sqq. on PD, QD is constant. 

IV. 5. Let ^^ be the given side. Then since the centre of the 
circumscribed © is fixed, the angle A CB is of constant magnitude. 
C .'. sum of zs CAB, CBA is constant ; 

and, if be the centre of the inscribed ©, 
z ^O.B= supplement of half the sum of zs CAB, CBA ; 
.'. z A OB is constant, and the locus of is 
therefore a © passing through A and B. 

^ Fio. 366 
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186a I. 33. Let AB^CD, and z CAB = z BDC, 

Then since sides A By BC in A ABC are equal to sides BC, CD in 

the other, and zs ^0£, OBD are both acute, 

it may be shown as in I. Prop. E, p. 43, 

that AC^BD, and i ABC = z BCD, and 

lACB = z CBD, and .-. ^JBDOis a O. 
But if zs at A and D be acute, zs ACB, 

CBD are not necessarily both acute or hoOi q^ 

obtuse, and .'. L Prop. E will not apply. 




Fio. 367. 




II. 9. We have to prove that 

Ag-¥DE=^2{af-^Cd), 
or, 2Ac + DE=af+Cdy 
or, Ac-^- t^DBE^ Leac+ LcCD. 
Draw ckK x to ED, 
Thence- AcCD+ c^DBE 

^Ac- £^cCk+ lAIcK, 

= A OKCy 

= A eoc. ^ -^ 

Fio. 368. 

III. 32. Let ATy AT be tangents to the 0s passing through 
ABD, ABC 

Then z TAD » z ^B2> in alternate segment, 
and z TAC^ z ^£C in alternate s^^ent, 
.-. z r^T = z CAD+ L ABD+ z ^50, 
= z (Lli)+ z 0J5i). 
So angle between tangents to the s pass- 
ing through A CD, CBD, 
^lACB+ lADB, B 

«= four rt. z s diminished by sum of z s 0^ D, CBD, ^'°- ^^s. 
Hence the acute angles between them are the same in both cases. 

lY. 2. As the third side is at a given distance from the centre, it 
is of a given length, and therefore subtends a given angle at the 
circumference. On the line joining the two given points describe the 
segment of a circle capable of containing the given angle. The inter- 
section of this segment with the given circle will give the vertex of 
the triangle. 

Note, — There will generally be two solutions, or none at all ; but in the 
particular case when the segment touches the ciide, oiA^ oxk!^ ^OimNass^cu 
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Fio. 370. 



1867. I. 16. Let CBE, A CD be 
any two exterior zs of the £^ ABC. 

Then *.• z A CD is greater than 
I ABC, 

sum of zs ACD, CBE is greater 
than sum of zs CBE, ABC ; 

.'. sum of zs ACD, CBE is greater 
than two rt. zs. 



I. 43. The greatest value which each complement can have is one- 
fourth of the parallelogram, when AE=ED, 



XL 11. Solved before. See Riders in 1862. 




Fio. 371 (1). 



III. 22. Let DB, EC be equal chords bisecting 
two z s in the A ABC inscribed in a © . 

Now z DCB = z EBC, subtended by equal 
chords ; 

.*. sum of zs EDC, DCB =two rt. zs ; 

.-. EDis\\toBC; 

,\ z DBC = z EDB, 

= z ECB ; 

and .-. z ABC=2 z DBC=2 z ECB = z ACB. 



Next, if the bisectors be on opposite sides of the centre, 
z EBC = z BAD, subtended by equal chords. 
But z EBC = z ^50 + z ^J5^, 
= z ^-BO + z ECA, 
= z^J5C+ iiACB; 
and z 5-4D= z 5^0+ z CAD, 
^lBAC+lCBD, 
= lBAC +\lABC\ 
.'.lBAC + \i ABC= L ABC + ^ z ^OB; 
:,lBAC=^\{lABC^ I ACB), 
Fig. 371 (2X ^^^ ^.^ ^ JB^O=two-thirds of a rt. z. 
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1868. I. 41. Through q draw jB^SH to NM. 



Then A BQI) = A OBQ + A O^B, 

And aPQD = aPDC - aQDO, 

.'. £^BQD = aPQD; 
.: PBk\\toQD. 




II. 12. Sq. on ^0=sqq. on Al), 1)0+2 rect. 02), DK. 
And sqq. on ^5, ^0=2 sqq. on AD, DC. (II. 13, Ex.) 

.*. 2 sq. on -40=sqq. on AB^ AC +2 rect. BC^ DK ; 
.*. sq. on ^0=sq. on AB + 2 rect BC, DK; 
and sq. on 50= sq. on AB + 2 rect. A 0, J^X ; 
and sq. on -50= sq. on J.0- 2 rect. AB^ FM ; 




K D 

Fig. 373. 



.*. 2 rect BC, DX=sq. on ^0-sq. on AB ; 

2 rect AB, FM =^aq. on AC- sq. on BC ; 

2 rect ^0, j&L=sq. on 50- sq. on AB; 

2 rect BC, DK=2 rect AB, FM+ 2 rect ^0, EL ; 

.-. rect 50, DK=Tect. AB, FM+ rect. AC, EL. 



III. 35. Let P be the point, the centre, ACA^a. diameter through 
P, NM the side of the given square, and describe a semicircle on 
NM, and place NO in it, NO being the side of a squaie=sq. on 
CA - sq. on CP. 
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With centre P and radius 03f, describe a © cutting the original 
uiQ. A 





p( Fig. 374. 

Then rect. BQ, PQ ^rect BP, PQ + ^q, on PQ, 

=rect. AP, PA' + ^q, on PQy 
=sq. on CA -sq. on CP + sq. on PQ^ 
=sq. on 0-^+sq. on OM, 
=sq. on NM, 
The limits are deducible from the fact that OM must be greater 
than PA and less than PA'. 



IV. 4. Let be the centre of the © inscribed in A ABC ; then 0-4, 
OBy OC bisect the angles at ^, J5, 0. 

,\aAO(T:=/.OAC + I OCA, 

=:iiBAC+iiACB; 
and z BCO = z ^J50, 

/. z^00'+ z^CO 

^iiiBAC-h LACB+ I ABC), 
= art. angle : 
/. AA' is X to ^C ; 
.-. is the centre of ± s of A ^'-B'C". 



1869. I. 40. Subtracting the sums of As 
AEB, BBC, and AFB, BFC from the whole 
A ABC, 

aABC^^aAFC; 
.\BFia\\ to AC 
If the points E, F, or either, lie on the 
opposite side of AB, the As ABB, AFB 
^are (both or one) negative, and similarly for 
the other sides oiAABC 





Fig. 376. 
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IL 11. In the diagram of the Proposition 

EF=^EB^ and /. EF is less than EA-k-AB; 

.*. AF is less than AB ; 

.*. AH is less than AB ; 

.'. H lies between A and B. 

III. 33. Let ABC be the A inscribed in the © PQR 
Let the s^^ents A PC, ARB^ when folded meet in 0. 
Then z AOC = z in segment AFCy 

= supplement of z ^JBC ; 
so z -4 OJB= supplement of z -4 CB ; 
.*. z 50(7= supplement of z BACy 
= z in segment BQC ; 
so that when BQC is folded it must pass 
through O. 

Should one z be obtuse, the circumferences of 
two of the segments when produced will inter- 
sect on the third. Fio. 377. 



IV. 11. Let be the centre of the regular 
pentagon ABCDE. 
Produce OB, EA to T, T'. ^ 

Then z TBA = z T'^JB=i of 4 rt zs, 

-z^OB; 
.'. the circles all pass through 0, 



1870. L 26. Take in ^-B a part BN=BE, A 

and .-. AN^EC, 
Then z FEC + z AEB=& rt. z , 

= z^jE^B + iBAE; 
.-. z i^'JgrO = z i^^^. 
Also z ^iyr^ = z JV^B^ + z NEB, 
=«f of a rt. z, 

= z JgrC^. D 

Now since z JP'JgrC = z XAE, 
and z JS?aF = z ^J^^, and AN^EC, 
.-. FE^AE, 
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II. 9. By the Proposition 

sqq. on BE, EB=-2 sqq. on BO, OE ; 
sqq. on AE, EC =2 sqq. on AF, EP. 
A 




Fig. 380. 

/. sum of sqq. from E to the angular pts., 
'Ssq. on BO + 2 sq. on AP + 2 (sq. on OJ^+sq. on EP), 
2 sq. on BO + 2 sq. on AP + 4 (sq. on J^j^'+sq. on FP), 

(By Ex. on p. 91.) 
■■ 2 sq. on jDO + 2 sq. on ^ P + 4 sq. on EF + 2 sq. on J'P + 2 sq. on FO, 
: 2 (sq. on BO + sq. on FO) + 2 (sq. on ^P + sq. on FP) + 4 sq. on EF, 
:sum of sqq. on FB, FB + sum of sqq. on P^, P0+ 4 sq. on EF, 
■ sum of sqq. from F to the angular pts. + 4 sq. on EF. 




Fig. 381. 



III. 32. Let OP be the tangent 
at P, and JRQ the tangent at Q. 

Then 
z OP A = L ABP, 

= complement of i PAB, 

= complement of z QGD, 

= L QBC, 

=^^RQP; 

.-. OP is II to PC- 



IV. 10. Each of the angles at the base of the triangle ABB in the 
diagram of the Proposition is f of two rt. angles. 

From the centre of the given circle draw five radii inclined to each 
other successively at angles = f of two rt. angles. 

The tangents at the extremities of these radii will form the circum- 
scribing regular pentagon. 
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1871. 


I. 38. A GA'B^ lAA'C^ lAA'B", 


^^ 






=^£,AA'C+aABA\ 




v^-^--^ 


C 




= A ABC. 




\\ /! 






t^BCA'^ £,ABA'+ aAA'C, 




\\ / 






^/\ABA'+ aAAV, 




\y 






= A ABC, 




V 


v 






lABC^ c^BBC- a ABB', 




X 


X 






^aBBC- aABB, 




/ \ 


/\ 






= A ABC 


B 


/ \ 


1 \ 






A' 


C 








Fi«. J 


J82. 





II. 10. Let -40 be the given st. line. 

Produce it to 5, so that CB==AC. 

Draw CE ±to AB, an<i=^0. 

Join AE, EB and produce AB to D, 
8othat5D-^5. 

Then sq. on AD + ^q, on BD=^2 sq. on p^ 
AG+ 2 sq. on CD. 

But sq. on -BD =sq. on EB. 

=2 sq. on AC. 

.'. sq. on -42) =2 sq. on CD. 




III. 32. Let ABCD be the quadrilateral. 

Let QT, QT be the tangents at Q. 

Thenz TQB^iFCQ, 
= z DAB'y 
.'. QTis||toPD,andsoalso 
gr is II to CF. 

Again, let FR, FR be 
the tangents at F. 

Then FR, FB are || to 
QD and (J^ respectively. 

.•. the new figure formed 
is placed precisely similar 
with respect to QF as the old one (ABCD) is with respect to FQ, and 
the figures are equal in all respects ; and any line joining similar 
points with respect to the figures must bisect FQ, and .*. in particular 
the line joining the centres spoken of must bisect PQ. 




Fig. 384. 
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IV. 5. Let ABQ be the A ; the centre of ± s. 
Then since zs at c and h ai'e rt. zs, 

.*. z cOft is supplement of z c-46, 
.*. L BOC is supplement of z 0-46. 
Let a be the middle pt. of BC, and produce 
Oa to P, so that aP=aO. 
Then BOCP is a parallelogram, 
and z J5P0 = z 500, 

= supplement of z 5^0. 

.*. P lies on the Oce of the © about ABCy 

and since is fixed, a must lie on the Oce of a 

© of half the radius of the © circumscribing 

ABC, being their centre of similitude. 




1 872. I. 47. Draw AF, AQ xs to EB, CD. 
Then since A s EAB, CAD are equal, and their bases EB, CD are 
equal, 

.'. their altitudes AF, AQ are equal. 




Fio. 386. 



Again z AEO = z FCO, and z EGA = z OOP, 

.-. z OPO = z O^P=a rt angle ; 

.*. FAQFis a square ; 

and .-. J P bisects z EFD. 
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nil,Z>. 




III. 22. Through B draw B.BT), meeting the ©b 
Then l P'HB- supplement of l BAP", 

= i BAP, 
= i Q'AB ■ 
.-. P-B=Q'B. 
Similarly, FB-QB. 
Also, i PBQ = L FAQ, 
- / P'Ai^, 
= i P'BQ' ; 
and .'. i FBP'= l QBQ'. 
Hence in a a PBP", QBQ ', ''™' ™^ 

.- FB=QB, and P'B-^B, and i PBF'=- l QB(i, 
:. FF'=Qq. 

IV. 4. Let ^ be the given anguIarpoint,£ the centre of © inscribed 
in the & . 

Join AE and produce it to cut the circumscribing in D. 

Witli D as centre, and DE as radius, describe a cutting the 
^ven in £ and Q. 

Then shall .^£C be the required A . ^ 

For DA bisected i BAG, since DB=DC; 

:. if EC bisects i .^CB, .5 will he the o 
of the © inscribed in & ABC. 

Now i DOB = L DAB, 

Also in the isosceles a ECC, 

eum of ^s DBC, i^C2> = supplement of i. EDC, 

=supplement of i. ABC, 

=sumof AaBAG,ACB; 

.: L ECD = i sum of zs BAG, ACB ; 

&aA i DOB^i I BAG, 

.: i ECB=^ L AGB. 
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BOOK VI. 




Page 24s 

Exercise 1. Since the altitudes of the as 
ABE, FOB are equal, 

.-. A ADE : A FBC= BE : EC. 



Ex. 2. Let P be a point in BD, a diagonal of the O ABCD, and 
join PA, PC. 

A B Draw AM, CN±b to BD. 

!S77 Then *.• z ADM = /l NBC, 

and I AMD = i BNC, and AD^BC, 
M \ 1/ ' ,\AM=CN, 

Since then the altitudes of as APD, CPD on 
C the same base are equal, 
f 10 890. . •. A APD = A CPD ; 

and for the same reason A APE = A CPE. 





B N D 

Fio. 391. 



Page 246. 

C Exercise 1 . Let AE, CD be any two straight lines 
cut by the parallels PQ, B8, ED. 
Draw AN \\ to CD, meeting ED in JV: 

Then EB:BA=NO:OA, ( vi. 2.) 

S and .-. BR : NO=RA : OA ; (v. 15.) 
and, similarly, BP : OT=BA : OA ; 

.\BB:NO=BP:OT (v. 5.) 

/.BB'.RP^NO'.OT (v. 15.) 

^DSiSQ, (L 34.) 
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Ex. 2. Let ^^ be II to CD. 
Draw uiO II to BD, cutting PQ in :S, 
Then OP : PA^ONiNA^ 

=DQ : QB. 



Ex. 3. Let AB, CD, EF, GH be 
four parallel straight lines. 
Then AE : EO=BF : FO ; 
.'.AE:BF=EO:FO, 
^COiDO, 
^CGiDH, 




COD 

Fio. 392. 




Fio. 893. 



Ex. 4. Let A BCD be the quadrilateral ; ikf, N, 0, P the middle 

pts. of the sides. Join AC, A M B 

Then '.• AM :MB==CN:NB; 
,\ ACisW to MN; 
Midv AP I PD=CO:OD; PK >^\ ^N 

.-. uiO is II to PO. 
Hence PC is || to MN, and similarly, ifBD 
be joined, we can show that PM is || to ON; 
.'. MPON is a O. 




Ex. 5. Let ABCD be a trapezium, having AD \\ to BC 
Produce BA, CD to meet in E. 

Draw EN to the intersection of the diagonals, and let it meet 
the II sides mO, M, 
Then •/ aBAC=aCDB, .\ aBNA - aDNC; 
alsoABAN:ABNE=BA:BE, 

^CD :CE, 
= aDNC:aCNE; 
.-. aBNE=aCNE, 
Again, A ECN : A MCN=EN : NM, 

=^aBNE:aBNM; 
.\ aBNM = aMCN, and .-. BM^CM, 
Now BM : ME=AO : OE ; 
andOikf:Jf^=i)0:0^; B M 

.'. AO=DO. ¥v^.^%^. 




126 KEY TO ELEMENTAR V GEOMETR Y. 




Page 248. 

g Exercise 1. Let ^^CD be a O, and let be 
the pt where the diagonals bisect each other. 
Then if OB bisects ABC^ 

AB:BC=AO:OC; 
and .*. AB^BC; but hot otherwise. 



Ex. 2. Let BC be the given straight line. 
On BC describe the equilateral A BAC. 




Bisect I ABC and i ACB by st lines, meet- 
ing in F, 
Draw FD, FE \\ to AB, AC respectively. 
Then / i DFB = z FBA = z FBD ; 

.-. FD^BDj and similarly FE=EC, 
Now A FBE is equiangular to A ABCy and 
is therefore an equilateral A . 

,\BE=^FB-^FE\ 
.'. BD=DE=CE, 





Fio. 899 



Ex. 3. Let EA, BC be bisectors of zs BAC, 
BCA, and let them intersect in O, 
Join BGy and produce it to meet AC in F. 
Then shall BF bisect z ^£0. 
For£C:CF=5(3f:(3fi^, 

.-. 50:5^ = ^:^2?^; 
and .-. FB bisects z ABC, 



Ex. 4. Since BF.FA^BCi CA. 
.'. BF : BF+ FA=BC : BC+CA ; 
.\BF'.BA^BC:BU, 
Similarly, BB : BC=BA : BF\ 
.'. rect. BF, 5D'=rect. BA, BC, 

= Tect. BB, BF' ; 
.\BF:BB=BF':BB'; 
.'. FBis\\to F'U. 
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Ex. 5. Let ABG be an isosceles A. Draw CDy 
BE, bisecting the is at the base. Join DE, 
Then AD :DB^ AC :BC, D 

^ABiBC, 
=AE:EC; 
.'.DEisWtoBC. 




Fio. 400. 



Page 2Sp. 

Exercise 1. K the angles at the base are equal, the bisector of the 
exterior angle at the vertex will be parallel to the base. (See p. 52, 
Ex. 2, and p. 345, Rider set in 1860.) 

Ex. 2. Draw BOP ± to CD, and make OF=OB. 
Join PAj cutting CD in D. Join p 

DB. ^:>^^ 

Then as DOP, DOB are equal in all g 

respects; 

.-. CD bisects z PDB ; 
.\AD:DB^AC:CR 



Ex. 3. Divide BC in 0, so that 

BO:OC=^BD:Da 
Then / BO : OC=BA : AC ; 

.'. AO bisects z BAC ; 
.-. 1OAC+ I CAD 

=i(zB^(7+ iCAE), g 
=3 a right angle. 





c 

Fio. 402. 



Ex. 4. Let AF, AD be the internal and external bisectors ; AP 
the perpendicular to AB, 

Then, by Ex. 3, l FAD is a rt. A. 

angle ; 

.*. a circle described on FD as 
diameter will pass through A ; 

9iJ[i^smceiBAF= lADF.BA^ F C P 

is a tangent to this © ; Fig. 403. 

and AP being ± to AB will be a radius of the ; aud .*. FP = DP. 
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Page 252. 

Let BAC be a given z, and take AB : AC ia the given ratio. 

Draw BD\\ to AC, and OD || to AB, and join AD. 
Then AD divides the z BAC as is required. 
Draw DE, DF ± to AB, AC, or these produced. 
Then as BED, CFD axe similar ; 
&nd.\ FD:ED= DC :DB, 

=-AB:AC; 
and the perpendiculars drawn from any other pt. in 
AD will be in the same ratio. 





Fig. 406. 




Fia. 406. 



Page 254. 

Exercise 1. Since as ABD, ACE are equi- 
angular, 

.\BA:AD=^CA:AE; 
,\BA:AC=AD:AE', 
.'.AS AED, ABC are equiangular, by the 
Q Proposition. 



Q Ex. 2. Let OA be the diameter through 0. 
Draw gjV ± to OA, 

Then the A s OF A and ONQ are similar ; 
.-. OP:OA = ON:OQ; 
|s| .*. rect. 0-4, ON— rect OP, OQ, a constant; 
.•. ^ is a fixed point ; 
and the locus of Q is a straight line 
through N perpendicular to ON, 



Miscellaneous Exercises on Propositions L to VI, 

Page 255. 

1. Let ABC, DBC be the as. 
Join AD, and draw AP,DQ ± to BC, 
Let AD cut BC in N 
Then ANP, DNQ are similar as ; 
.-. A ABC : A DBC=AP : DQ, 

Fig. 407. =AN:DN 
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2. On DC the radius of the © ABG, of 
which ^C is a diameter, describe the circle 
DEC, 

Draw BEG cutting the ©, whose diameter 
is DO, in ^. A 

Then since z uiBC=a rt z = z BEG ; 
.*. AS ABGy BEG are similar ; 
,\BE',EG^AB\BG, 
.-. BE=EG. 




Fio. 408. 



3. Since as AFG, GFB are similar, 
BF:FG=BG:AG, 
=BB : AG, 
=EB:GE; 
.\BE:BF=GE:FG. 




Fio. 409. 



4. Since BA : AC^BB : BG ; 
r.BA-AGiBA + AG^BB-BGiBB-^BG, 

=20D : 20^, 
= 0D:0£. 




D 

Fio. 410. 



5. Let ABG be a triangle, AB the bisector of 
z BAG, BBy GE ±s on AB from ^ and 0. 
Then •/ as ABB, AGE are similar, 
,\BB:AB^GE:AG; 
and /. BB : GE=AB : AG, 
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6. Take A ABE from each of the equal as 
I) AC, EAB. 
ThenADBE = AECD; 

.\DEm\\toBG; 
,\ BB : DA^CE : EA. 



Fio. 412. 



7. is the centre of the escribed © , touching the side BC. (See 
IV. 4, Ex. 4.) 

.-. ^0 will bisect z^BuiO; 




Fio. 413. 

.-. ABiAB^BOiOB; 

&ndOC:OE^AC:AE, 




8. Since E and F are the middle pts. of AB, A 0, 
^2^ is II to 50. 

Now aAEC^aBEC; 
and A EBC = a FCB ; and taking A BGC from each, 

A EBQ = A FCG. 
Hence A AEC- A FCG = A BEC - /l EBG ; 
,\^.AEGF^aBCG. 
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9. Through any point in BD^ a diagonal of 
the CJABGD, draw FOE, meeting AB, CD in 

Then as BOF, DOE are similar. 

,\BO:OD=FO:OE. B 




Fio. 415. 



10. Since DF : FE=^BD : CE, 

=^DA:AE; 
.'. AF hiaecta /L BAC ; 
.'. the locus of J* is a straight line bisecting 
iBAC, 




C E 



Fio. 416. 



Page 258. 

ExERCiSB 1. Let ^C be the given line. Draw 
AB making any angle with AC. Make AD = seven 
times AB. 

Join CD, and draw BE \\ to CD. 

Then AE : AC=AB : AD ; 
= 1:7. 




Fio. 417. 



Ex. 2. Let J. C be the given line. 
Draw AB making any angle with AC. 
Makb -4D=five times AB, and in BD take 
BE^AB. Join CD, and draw ^2^ || to CD. 
Then AF : AC^AE : AD ; 

= 2:5. 




¥\o. ^\%, 
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0. 




Fio. 419. 




Page 259. 

N Exercise 1. Let MN, OP be two lines in the 
given ratio. 

Let AB be the given st. line. 
Draw AG^MNy making any i with AB. 
In AC take CD = OP, 

Join BD and draw CE, meeting AB produced 
in E, II to BD^ 

Then AEiEB^AC: CD, 

=MN:OP, 

Ex. 2. Let BC be the given base. Describe on 
^ BC a segment of a © BAC, capable of containing 
the given vertical i. Bisect the remaining seg- 
ment BEC in E, Divide BC in i) in the given 
ratio of the sides. Join ED, and produce it to 
C meet the Oce in -4. Then BAC is the triangle 
required. 
For since arc 5^=arc CE, .*. z BAD = z CAD. 
.\BA '.AC^BD'.DC. 




Page 261. 

^ Exercise. Since l DAB = z ACB, in alter- 
nate segment, and i ABD = z ABC, 
.'. AS BAD, ABC are similar ; 
and .'. BD:DA = AB: AC. 

Page 262. 



Exercise. Produce ABC to meet the Oc 
E, and join EP. 
Then z ^P5 = z 5^P in alternate segn 
P and since A BPE is right-angled at P, 

.'. iBPD=^ iBEP; (V 
.'.iAPB= lDPB. 



Fig. 422. 
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Page 263. 

Exercise 1. Let AB be the given 
St. line. 

On AB as diameter describe a . 

Draw BC i.\xi AB and = ui£. 

Draw GBOE through the centre. 

Produce AB to F, so that ¥B= CD, 

Then rect. AF, FB=Tect. EC, CD, ^ 

=sq. on BC, 
=sq. on AB\ 

.*. AB is a mean proportional be- 
tween AF and FB, 




Fio. 423. 



Ex. 2. Let ABC be an isosceles a. 

Draw AB ± to AB, meeting BC (or BC produced) in D. 
AE to E the middle pt of BB, A 

Then *.• BAB is a rt. 4, .*. ^ is centre 
of © described about A ABB. 

,\ L EAB = L ABE = L ACB; 

.-. lAEB^ lBAC\ 

and .\CBi AB=AB : BE, 



Draw 




Ex. 3. Let BEF be an equilateral A described about the © ABC, 
Through K the centre draw BGB, which bisects EF at rt. is. Draw 
the tangent LGM \\ to EF ; then LM is 
the side of a regular hexagon described 
about the ©. Draw the radius KA meet- 
ing BE in A, 
Now A s BAK, BGL are similar ; 
.\BA'.AK=BG:GL; 
,\ 2BA:2AK = 2BG :2GL. 
.', observing that BG—KG, which can 
easily be shown by joining KL and KM, 
and proving that BLKM is a rhombus, 
whose diagonals bisect each other, 

BE'.GB^GB'.LM, 
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Ex. 4. Draw AD a tangent to the © , and join 
BD, DC. 
p Then *.• /l ADB = i ACD, in alternate segment, 
.'.AS ADB, ACD are similar ; 
.-. AB:AD=AD:Aa 



Fio. 426. 



Page 266. 

Exercise 1. Since CA : AD^EA : AB, 

(1) CA:EA = AD:AB; 

(2) AD:CA=AB:EA; 

(3) AD:AB^CA',EA, 



(V. 16.) 
(V. 12.) 
(V. 16.) 




Ex. 2. Let be the intersection of JBO, he. 
Then*. -A ^50= LAhc, 

.\AhOB=- LcOC; 

.\B0:0C-='0c.0h. 



Fia. 427. 
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Ex. 3. Take AE & mean proportional 
between AC, CE. 
Join EB, and draw CD \\ to EB. 
Then BE iDC^AE: AC, 
md BD : AB=rEC : AE. 
But, by hypothesis, AE : AC=EC :AE; 
,\BE:DC^BD:AB; 
and z ^5JS^ = i BDC ; 
.'.lABE^ lBCD, 



KEY TO ELEMENTARY GEOMETRY. 

Ex.4. Since .dBi^O^duplioate ratio of -d-BiJif; 
and AC : Jf-duplioate »tio of AC : AM. 
or, AP : JC=duplicaW ratio of AM: AC; 
and since AB : AQ=AP : AC, 




.-. duplicate ratio ofJB:^W=dnpiicate ratio of ^Af:JC; 

.-. AB:AN=AM:AO; 

and z at j1 is common to the a i ANM, ABC ; 

.■.£.ANM~iiABC. 



Page 208. 

£XSRCISE 1, Draw CP X to AB, and EOF ± to ^B. 
Then ab PCD, OBJ" are similar ; 
.-. CP:DC=CE:EF; 
.: rect. CP, EF~T^t DC, CE ; 
.-. rect. CP, JB-rect. DC, CE. 
Again, EF : CE=DE : QE ; 

.'. rect. EF, 0£=rect. CB, DJ: ; 
.-. rect. OE, ^B-rect. CE, DE. 
Addbjt (1) and (2) 

rect OB, JS+reet. CP, AB=si\. on ■ 
.-. 2 area of L. AEB+ 2 area of a JC£=si 
.'. 2 area of quadiilateral AEBC''aq. oi 
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Ex. 2. Let ABG be the a, AB and AE 
the lines drawn to meet BG and the © described 
about ABO. 
Q Join EC. 

Then l ACE = z ADB, by hypothesis, 

and ii ABD = z ^^C, in same segment, 

.'.AS ABD, ACE are similar ; 

.'.ABiAD^AUiAC; 

.'. rect. AB, -40=rect -4D, ^^. 




Fio. 431. 



Page 274. 



Miscellaneous Exercises, 



Exercise 1. Let ABC, DEF be the given as. 
Produce ^i^'to Q, making EQ^BC. 




C E 




Draw O-P II to FD, meeting ED 
produced in P. 
Join PF. 

Then it may be shown, as in Pro- 
position XIX., that A EPQ : A EDF 
Q. = duplicate ratio of EQ : EF : 
and, since A ABC — A EPQ, 



Fig. 432. 

.-. A ABC : A i)^jP= duplicate ratio of BC : EF. 




Ex. 2. A ^^0: A 2)^2?^= dupli- 
cate ratio of AC: DF. 
NowAC:CB=^DF:FE; 
.\AC:DF=DF:FE; 
.*. -40: ^2^= duplicate ratio of 
^ACiDF; 

.-. A ABC : A DEF=AC : EF. 
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Ex. 3. Let ABC be the given A . 
Construct a square ^ilf =sq. on AB, 
Cut ofF the rectangle EF^\ of this square. 
Describe a square Q = rectangle EF. 




Fio. 434. 
Take in AB a pt. D, so that AD=& side of the square last described. 
BrawDHIIto^O. 

Then A ADH : A ABC=sq. on AD : sq. on AB ; 

= 1 :3. 



Ex. 4. Since DE=i BC, 

.\hAI>E^\LABC\ 
,\ quadrilateral DBCE=Z A ADE. 




Ex. 5. Let be the centre of the © ABCy 
and let ABC be an equilateral A. Draw ODi. 
to -40 ; draw the diameter BOP, and join AD, 
AP ; these are the sides of the square and the 
hexagon. ^ 

Then sq. on J.D= 2 sq. on J.0= 2 sq. on AP ; 
and sq. on BP=sq. on AB + ^q, on AP, 

or 4 sq. on J.P = sq. on AB + b(\. on AP ; 

.'. sq. on w4P=3 sq. on -4P. 

.*. sq. on AP : sq. on AD : sq. on AB= 1:2:3. 




Fio. 43a. 
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Ex.6. t^AGF',LAHE^FO:BE, 

=rect. FG, HE : sq. on HE ; 
and A AHE : A ADB=8q, on HE : sq. on BD ; 
.\aAOF:a ^D5=rect. FG, HE : sq. on BD ; (V. 21.) 
.-. A AGF : A 5i)C= rect. FG, HE : sq. on BD. (1.) 




Again, A CFG : A J5r^0= jPG^ : HE, 

=sq. on jPG^ : rect. FG, HE ; 
and A BDC : A CFG=aq. on £D : sq. on FG ; 
. •. A BDC : A fi^O= sq. on BD : rect. FG, HE ; (2.) 

.-. from (1.) and (2.) A H^O = £^AGF. 



Ex. 7. Let ^50, DEF be two as having /l ABC = z D^jP. 
A Then '.• 

D A ABC : A DEF=^ duplicate ratio ofAB :DE, 

and 
A ABC : A DJS^1^= duplicate ratio otBCiEF, 

/.AB'.DE^BC'.EF; 

Pj^ 4^8 • *• ^ ^-^^ ^s similar to A DEF, (VI. 6.) 





Ex. 8. Let the as ABC, ADE have the angle 
at A common. 
Join DC. 
Then A ABC : A ADC-^AB : AD, 

^AB.AG'.AD.AC; 
mdAADC:£^ADE=AC:AE, 
C =AD.AC:AD.AE; 

Fio. 439. .-. A ABC : A ADE=AB .AC: AD. AE. 
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Ex. 9. Produce AC to meet BZ pro- 
duced in D. 
Let O be the centre of the © . 
Then •/ AY, OC, BZ are three parallel 
lines, 

/. CY = CZ, since OA^OB) (VI. 2, Ex. 2.) 
and, since CO is || to BD, and AO=OB, 
.-. AC=Da 
Hence a ACY = a DCZ, (I. 4.) 

and A ABC = a D^O ; (I. 4.) 

.'.A ABC = A^OZ + A DCZ, 
= aBCZ + aACY, 



Ex. 10. Since i BCD = z CAD, the as 5CD, 
CJ^D are similar ; 

r.ADiCD^CD'.DB; 
.-. ^D : D5=duplicate ratio of CD : DB, 
= duplicate ratio of AC : CB, 




Fio. 440. 




Fio. 441. 



Ex. 11. Let m : n be the given ratio. 
Let ABC be the given a. 

Take any point ^ in -40. Join BE, and make BE : ED=n 
Join AD, DC, Then DBC is the a required. a 

For A AEB : a BEC= AE : EC, 
and A AED : a CED^AE : EC ; 

,\aAEB iaBEC = A AED : a CED ; 

.\aABC iaBEC = A ADC : a CED ; 

.\ A ABC: A ADC = aBEC:aCED, 

=BE : ED, 
= n :m. 



m. 




Fio. 442. 



Page 285. 

Exercise 1. Area of a ABC =^ rect. AD, BC. 
Now BC can never be greater than the diameter EA ; 

.'. rect. EA, AD cannot be less than rect. AD, BC ; 

.*. rect. BA, AC cannot be less than rect. AD, BC • 

.'. rect. BA, AC cannot be less than twice area of a ABC 
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Ex. 2. The line joining 0(y bisects AT the common chord of the 
©s at rt. zs. (See. p. 24, Ex. 8.) 

Also L AOB, being half the l AOF, is equal 
to z ABP ; 

/. AS AOD, ABM are similar ; 
and .*. rect OD, -4Jf =rect. AD, BM. 
SimiLurly, rect. (yD, J[M=rect. AD, MC. 
^ p .-. rect. Oa, J[M=rect. AD, BC, 

Pio. 443. = J rect AP, BC, 




Ex. 3. This is precisely the same as Prop. B. 




Page 286. 

Exercise. Let ABCD be a quadrilateral 
inscribed in a ©, and let the diagonals 
intersect at E, so that 

z AED = z BEG^\ of a rt. z. 

Draw AP, CQ ±s to ^D. 

Then AE=2AP and EC^2CQ, 

Fig. 444. (P. 116, Ex. 3.) 

Then area a ^^D= J rect. AF, BD=i rect. ^j&, ^A 

and area A 501)= J rect. CQ, 52) = J rect. EC, DB ; 

.-. area of ABCD=i rect. ^0, 5D ; 
.*. 4 area of J50D=rect. AB, 0D + rect. ^D, 50. 



Page 288. 

Exercise. Taking the diagram of the Proposition 
FC'.GK^CK'.KD, 
= CK:GF, 

=^KF : AG (by similar as FKC, AGF), 
=DG:AG, 
= GK:AF; 
and similarly for the other complement. 



•* 
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Page 291. 

Exercise 1. Let ABODE be a regular pentagon. 
Join ACy BD meeting in P. 
Then since ^0 is || to ED (IV. 11, Ex.), 
and BD is || to AE, 

.'. AFDE is a rhombus. B 

Now A ABC is similar to a BPC ; 

.-. AC : CB=BC : CP ; 
and CB=AE^AF ; 

.\AC:AP=-AF:CP, 
Similarly, BD : PD=PD : BF. 




Fig. 445. 



Ex. 2. Take the diagram of IV. 10. 

Then BD=AC, and we have to show that BD is the side of a 
r^^ar decagon inscribed in © BDE, 
Now this will be the case if i BAD = 1^ of four rt. zs ; 
and since z BAD=^^ of two rt z s, 
z BAD is=^ of four rt. zs. 



Miscellaneous Exercises on Book VI, 



Page 293. 

1. Let O, (y he the centres of the 
circles, AFQ one of the common tan- 
gents. 
Then AO : A(y= OF :(yQ, 

= 1:3; 
/. 00^=20 A ; 
.*. 0J[=: diameter of smaller circle ; 
and AO^^^ 00'= diameter of larger 
circle. 




Fio. 446. 
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2. Draw FE, ED, DF through A, B, C, the angular points of 
L ABC, and || to BC, CA, AB. 

Then '.' ABCD ia & CJ, 

r.iBDC-^ iBAC, 
SimUarly, i AEB = i ACB, 
and z AFC = z ABC 
Hence A JDEF is similar to A ABC, 
and •/ AF^BCy and AE^BC, 
,\ AE=AF; 
and similarly, EB=BD, and FC^CD, 
So also, if lines be drawn through D, E, F \\ 
to EF, FD, BE, a A will be forced similar to 
EDF, and having its sides bisected in D, E, F. 



3. Let ABC be an equilateral a, any pt. in it. 
Draw AD, OP, OQ, OR ±8 to the opposite sides. 
Then A ^50 :aAOB=-AD : OF 
t.ABC:LAOC^AD'.OQ 
£,ABC:aBOC=^AD:OR 
.\aABC:aAOB + aAOC-\- aBOC 

=:^AD:OP + OQ-^OR; 
,\AD=OF+OQ + OR. 

4. Let ca be the line || to CD, and let ce, af 
be drawn || to AB. 
Then of : AB=-Da : AD, 
= Cc:CA, 
=ce :AB; 
.'. af=ce. 




5. Let DCA be any chord drawn through A. 
Then zs at and D are right zs ; 
.'.AS ACO, ADB are similar ; 
.\AC:CD:=^AO:OB; 
,'. AC-=CD, 



Fio. 450. 
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6. Let BC be the given base. Describe on BC 
tihe segment of a © BAC capable of containing the 
^ven vertical z. Bisect the remaining segment 
in ^. Take D in BC such that BD=2Da Join 
-ED and produce it to -4. 

Then z BAB = z CAD, and 

r.BA :AC=BD:DC=2:l. 




7. Since ^i^ is II to ^0, 

.\ AJE : EB=^CF : FB ; 

and -.-^Gf is II to ^D, 

,\AE:JEB=DG:QB; 

.-. CF:FB^DQ',QB; 

and .-. FQ is 1| to CD. 




Fio. 452. 



8. Let 0, P be the pts. in which AD, CF 
cut BC, AB, 
Join J[P, i>a ^ 
Then •.* zs at P and are right zs, / 
.-. z LCO = z P^X, ( 
= z OCD, in same segment ; W 


7\ 


1 


.•. AS LOCi DOC are equal in all respects ; B\ 
.-. LO^OD; 
and similarly for LE, LF, 


. 
Fig. 


:> 

458. 



9. SincejD^=JofPC, 

.\£iADE^iofAABC; 
and A DOE^^ of A BOC 
Also A DOB = A EOC, 

NowaDOJB + t^DOE + AjE^OC + APOC=fig. DBCE ; 
.-. 2 A DO^ + 10 A DOE=% A JIPC ; 
.-. A DOB + 5 A DOjE;= t A ABC. 



V,\^ 
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Again, a DOB + aDOE = £,ABE - £LADE, 

^^AABC-iAABC, 

.-. 2 A DOB + 2 A DOE^i a Jl^C. (2.) 
Hence from (1.) and (2.), 
A DOB + 5ADOE=^2£iDOB + 2£iDOE ; 
.-. SaDOE^aDOB; 
,\B0=30E, 
Similarly, CO^ZOD, 




Fio. 454. 



10. SinceAJ^^^Gf = aAFQ - a AFC - aCHG, 
&iidABCH=AABG - aABC - aCHG, 
.-. aFHO- aBCH^aAFG - aABG- aAFC + a ABC; 
,'.aFHG - aBCH'.aADE 

= aAFG - aABG - AAFC+ aABCiaADE; 




Fio. 455. 



.-., by Ex. 8onp. 274,Ai^^Gf - aBCHiaADE 

=rect. AF, AG -lect. AB, AG -red. AF, AC -\- red. 

AB, AC: lect AD, AE, 
=rect. AD, AG - rect. AD, AC : rect. AD, AE, 
^^AG-AC-.AE, 
^CGiAE, 
^AEiAE; 

.'.aFHG - aBCH^aADE; 
,\aFHG = aBCH+ aADE, 



KE Y TO ELEMENTAR V GEOMETR V, 1 45 



11. See p. 251, Ex. 4. 



12. Let ABC, DBF be equal as on equal bases, and between the 
same ||s AD, BF, 

Draw MNOP \\ to BF. A 

Then A AMN: A ABC 
= dupHcate ratio of AN : AC, ^^ ^^ 

=dupliqate ratio of DP : DF, 

(VI. 2, Ex. 1.) 
^ aDPOiaDEF; B 

,\aAMN = aDPO. 




13. Bisect AD in T, and draw DEB to meet AB in B. 
Then since i ACD is a rt. z, 

T is the centre of the © described about A ACD ; 

.'. TC is tangent at C. 




Fig. 457. 

Hence CF bisects BE, 

,'. TF produced passes througji R. 

K 
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14. Draw any radius OA of the smaller © . 

Produce it to B so that OB =40 A, 

Describe a semicircle on AB^ cutting the larger © in 0. 




E Fio. 458. 

Draw CAFE a chord of both circles. 
Join CB and draw OD ± to AF, 
Then •.* as AOD, ABC axe similar, 

.-. CD=4DA ; and .-. CE=4AF. 




B G P F 

Fro. 459. 



15. Draw AP ± to BC, Bisect BP in 
G and CP in F, 

Then GF=i BC. Draw GD, FE ±8 
to BC, to meet AB and AC in D, E. 
Join DEy cutting AB in 0. 
Then •.' ^0= J PC, .*. PO=l AP ; 
,\ area of rect. DEFG^rect. DG, GF, 

=iTect,AP,BC, 
= J area of a. 




16. Let the bisectors of A and C 
meet in 0. 
Then DA : AB=DO : OB, 

=DC:CB; 
.\DA :DC=AB:CB. 
Now bisect z ADC by DP, meeting 
-40 in P, and join PB. 
Then DA :DC=AP: PC; 
.\AB:CB=^AP:PC; 
.', PB bisects i ABC, 
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17. Let ABCD be a quadrilateral described 
about a ©, and let AD be |{ to ^C, and join 
E, F the pts. of contact of AB, DC, 
Then since AE : EB=DF : FC ; 

/. ^^isllto^Dand^a 
But tangents make equal lb with the chord 
of contact ; 

/. AB, DC are equally inclined to EF ; ^ 
.*. AB, DC Bxe equally inclined to AD and BC. 
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18. Let ABC, DBC be as on the same base BC, 
Join AD, and produce it to meet BC produced in E, 
Dtsw AM, DN ±6 to BE, /^ 

Then as AME, DNE are similar ; 
.\AEiDE=AM:DN, 

=area A ABC : area a DBC ; 

the triangles having the same base, 

and therefore their areas being pro- B 

portional to their altitudes. 




C N 
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19. Let AB, -4(7 be the tangents, and BC 
the chord of contact. 

Draw OD, OE, OF ±& from 0, any pt. on 
the Oce, to BC, AC, AB, Join ED, FD, 
BO, CO. 

Then •.* the zs at D, E, F are rt. zs, DOFB, 
DOEC can have © s described about them. 
.-. z ODE = z OCE, and z OBD = z OFD, 
But z OCE = z OBD in alternate segment ; g 
.•. z ODE = z OFD, and similarly it may be 
shown that z OjED = z ODi^, 

.-. the AS ODE, OFD are similar ; 
,\FO:OD=-OD:OE; 
,\ sq. on OD^rect. FO, OE. 
(McDowell's Exercises on Euclid, p. 98.") 




¥\Q, ^Ra. 



1 48 KEY TO ELEMENTAR Y GEOMETR Y 

20. The two quadrilaterals EADC, CABE are similar, for 

z EAD^ L CAB, 

and z ADC = z ABE, and also 

EA'.AD^CAiAB, 

and AD : DC=AB : BE ; 

and they have one side EC common, 

.*. they are equal in all respects ; (VI. 21.) 

.'. AD=-AB, and AE^AC, 

and A ABC = aADE, ajid a ABE = aACD. 




Also BE^CD, and z ^^^ = z ADC, and z ^5D = z JIDJ5 ; 

.-. z DBF = z J5Di^, and /. BF^DF, 
.-. EF^FC, and .'. j&O is || to BD, and the as CFJB; BFD ar 
similar. 



21. Let AB be the diameter, and draw AC^ 
P Q J5D ± 8 to the St. line CD, which meets thc^ 
g— ^=N;^ O ce in ^ and J^. Then shall CE=FD, 
From the centre draw 0G^± to CF. 
Then CG : OD^AO : OB ; (VI. 2, Ex. l.> 

and OE^ GF, because OG bisects EF : 
.-. CE=FD. 




< 
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22. Let AB be the given chord. 

Take the centre of the , and place in 
the © a line CD having the given ratio \xtAB, 
Draw OP ± to CD, and draw OQ cutting AB 
at rt. zs and equal to OB, Through Q draw 
the chord E¥ \\ \jq AB. Then EF=-CD, 
being equally distant from the centre, and 
therefore EF is in the required ratio to AB, 
and it is II to AB, 




Fio. 400. 



23. Since i EAC = z ACB-=^ of a rt. z, and z ACE is a rt. z , 

.•.z^^0= J of art. z ; 

and ,', AE=^2AC ; 

and 0P= 2.0c, 

and ^0=^0= Oa 

A 



(See p. 116, Ex. 3.) 




Fio. 407. 

Now sq. on irP= sq. on ^O + sq. on OP+2 rect. KO, OF, 

=8q. on CO + sq. on OP+2 rect. CO, OF, 
= J sq. on CF+ J sq. on OP+4 sq. on CO, 
=J sq. on CF+^ sq. on CP+ J sq. on CF, 
=3 sq. on GF, 
=3sq. on EF ; 
.'. sum of sqq. on KG, FG=3 sq. on EF. 



24. Let -450 be the A , having the rt. z at B. Draw CE± to JIO, 
meeting AB produced in E, 
Make z ^OD = z O^i^, and let CD meet ^^ produced in D, 
Draw i>P II to ^0, meeting AC produced m F. 
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Then 

L FDC = z DCE = I CAB. 

.*. AS DCF, ACB are similar, 

and AS DAF^ AGE are similar ; 

.\FDiDA^BC:CA, 

and DCiFD^CA : AB ; 

A .\CD:DA=BC:AB. 



25. Take CD in .ID equal to DB, and take BQ'mAB produced a 
third proportional to ^C, DB, 
With centre Q and distance QD describe a semicircle DRP. 

Take any pt. £ in the Oce. 
Then AC : DB^DB.BQ ; 
:.AD:BB^I>Q:BQ', (V.16.) 
,\AD\I>Q=DB'.BQ', 
•p \'AQ : DQ=DQ :BQ; (V.16.) 
.\AQ:QR=QB:BQ. 
Hence A RQ, RQB are similar as ; (VI. 6.) 

.'.AR:RB=^AQ 




C D 
Fig. 469. 



DB: 



.'. ARiRB^AQ 
^DQ 
^AD 
.*. DR bisects z ARB ; 
and .*., since RP is ± to DR, 
AP : PB^AD : DB, 



26. Let G? be the point of contact of the circles ABO, DFG, of 
which ABj BE are parallel diameters, and 0, C the centres. 

Then OC passes through O, 
Let OC meet ^^ in J^. 
Then as OAF, CEF are similar ; 
,\AO:GE^OF:FC', 
.-. J10 + CT : CE=OF+FC : FC; 
.\OC:CE^OC:FC; 
.\FC=CE=CG; 
Fin. 470. .'. F and G are coincident 




KEY TO ELEMENTARY GEOMETRY, 151 



27. Let ©8 ABE^ CDE touch each other and also touch the st. 
line AC, 

Draw the diameters AB^ CD, and join -4D, BC ; these lines (as is 
preyed in Ex. 26) pass through E^ the point of contact of the © s. 

A C 




B D 

Fig. 471. 

Then z CAD — l ABE, in alternate segment ; 

.'. AS ABC, CAD are equiangular ; 
,\BA:AC=AC:CD, 



28. Let AEB, AFC be the circles ; 
0, P their centres. 
Draw the conmion diameter AOBPC 
Draw AEF any chord of both circles, 
and join BE, CF. 
Then AEB and AFC are rt. angles ; f 
.'. EB 18 \\ to FC; 
.\FA:AE=CA:AB, 
=:3:L 




Fio. 472. 



29. Make l BCP = z BCD. Then P is the point required. 
For, since CB bisects z DCP, ^ ^ 

PB:BD = CP:CD; ^^ 

and, since AC bisects the external z of 
A PCD, 

.\PA:AD^CP:CD. 
Hence PJl : AD^PB : 5D ; 
and .-. PA : PB=AD : DB. 
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Fio. 474. 



30. Let C and D be the 
centres of the ©s, AB a 
common tangent at A and B. 

Let CD and AB intersect 
in P. 

Then, since zs at ^ and B 
are rt. zs, the as AFC, BPD 
are similar ; 

.-. CP:PD=AC:Bp 
^2AC:2BR 



31. Let ABC be an equilateral a. 
Draw BE± to AB, AE± to AC, and BF, CD 
±8 to AC, AB, and let CD produced meet AK 
inN, 
Then JENOB is a O, and .'. NO=EB. 
Now since OF is || to AN, 

NO:OC=AF:FC; 
and .'., since AF=^FC, 
C -^0= OC ; and .*. ^5= 00=radius of circum- 
scribing ©. 

32. The parallelograms being equal to each other, the rectangles on 
the same bases and with the same altitudes are equal. 

.*. the altitudes are inversely proportional to the bases, that is, to 
the diagonals of the parallelogram. 

33. ^ince A FAG : A FGD= AG : GD, 

mdAEAG:AEGD=AG:GD ; 
,\ aEAG iaFAG = aEGD :aFGD ; 





Fio. 476. 

/.aEAF :aFAG = aEFD'.aFGD ; 

.\aEAF:a EFD = a FAG: a FGD ; 

.-. A EAF : A EFD=^AG : GD. 



(V. 25.) 
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Hence AG : QD=Tect. EA, FA : rect. ED, DF. (See p. 274, Ex.8.) 
But from simikr as AFB, DFC, 

AB : CD^AF : FD ; 
.-. rect. EA, AB : rect. ED, DO=rect. EA, AF : rect. ED, FD, 

==AG:GD, 

34 Let AOB be the diameter of a © , and the centre. 

Draw AD, BE tangents at A and B, 
meeting a tangent at any pt. Cin D and E. 

Then as COE, BEO are equal. ^ 

Since z ^00 = z OBE=b, rt. angle, and 
OB^OC] 

.-. I COE = z EOB. 

So ^o z COD = z DO-4. 

Hence z DO^ is a rt. angle ; 

and •.• in the right-angled a DOE, OC is 
drawn ± to D^, Fm. 477. 

,\DC:CO=:CO:CE, 

35. Let ^5(7 be the A, and draw AD, 
CE, making iDAC= i ABC, 

and z Jg^CLl = z ABC. 
Then as ^DC, ^-4 Care similar, 
and AS AEC, BAC are similar ; 
.•.AS ADC, AEC&re similar ; 

,\AD:AC=AC:CE; 
.*. rect. AD, CE==aq, on AC 

Fig. 478. 

36. Let ABCD be the given parallelogram, EF the given altitude. 
Draw EH, FG ±a to EF. 

Make z Gi^O = z ^DC, being a pt. in EH. 
A B 





E 



H 



Fig. 479. 



D C 

Take FF a fourth proportional to OF, AD, DC. 
Draw PQ\\to OF. 
Then O OFPQ^nJ ABCD ; 

.-. OJT§ is the a rec\vx\T%^. 



^^V\\>i 
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37. Let AK be the line diswa from A, 
the point of contact, through the centres of 
the ®s. 

From P and Q draw PDB, QEC J. b to 
AB. 

Then AB : AB=AB : AP ; (VI. 12.) 
.-. AB : JP=dupIicate ratio of AB : AB. 

Similarly, J.^ ; JJR=duplicate ratio of 
AC-.AB; 

.-. A^ : JP=dnplicate ratio ot AC : AB ; 

sot,\BO,AQ:AP= duplicate ratio ofjdi^:Ji>; 

.-. AC:AB=AE:AD. 



38. Let .dLS be the base, and 
E the point in which the line 
bisecting the exterior angle 
meets the base. 

Divide AB in D, ao that 
AD:DB^AE:BE; then i) 
is the point in which the line 
t bisecting the interior vertical 
Fio. 4gi. angle meets the base, and ia n 

fixed point. 
Also, if P be the vertei, i DPB=i l ^PB.and ,: EPB=\ l BPP, 
.: L DPE=i L APB-k-\L BPF=a.tt angle ; 
,'. locus of P is the cu-cle on DE as diameter. 





39. Let ABC be the given a.. 
Draw AD || to BC. Divide ACia E bq 
AC : CE in the given ratio. 
Join BE and produce it to meet AD in 
Then i a AEQ, EEC are similar ; 
.■.EG:BE=EA:CE; 
.■.BO:BE=AC:CB: (\ 
.-. BG : B.E=the given ratio. 
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40. Since a s ABD, ACD are similar, and z at D is common to 
both, 

/. L ACD = L BAD ; 
and z DAG = z ABC ; 
Hence AD : CD=BD : AD ; 
/. sq. on AD=Tect CD, BD ; q 
.*. DA touches the © described 
about A ABC, 




Fio. 483. 



41. Let T be any pt. in the line through Px to AB, 
FB, PQ the equal tangents from P, 
TSf TV the tangents from T. 




Pig. 484. 



Then sqq. on T8, AS, BD=sqq. on TA, BD, 

= sqq. on TP, AP, BD, 
= sqq. on TP, AR, BP, BD, 
= sqq. on TP, AC, PQ, BQ, 
= sqq. on TP,^0,PP, 
=8qq. on BT, AC, 
=8qq. on BV, TV, AC ; 
.'. sq. on TiS=8q. on TV. 
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42. Let ABQ be the triangle, OF, OQ, OK the three lines. 

Describe on AB a segment of © containing z QOF, 
on AC „ „ I FOR, 

on BC „ „ z QOR. 




Fig. 485. 



These will intersect in one pt. F, since the sum of the three zs is 
four right zs. Then take Oa, Oft Oy equal to AF, BF, OF respec- 
tively, and A a^y is not only similar but equal to a ABC^ and any 
number of similar as may be formed by starting at any point in OF 
and drawing straight lines || to ay, y/3, ^a. 



43. Let BE, DF, the i.s on AD^ AB, or these produced, meet 
in 0. Join OA, and produce it to meet BD in Q. 

Then shall OG be i. to BD. 
For, if FE be joined, since a © can be 
described about OFAE, the angles at E 
fi and JP" being right zs, 

z FOG = z ZED in the same segment 

And since a © can be described about DFEB, 

z FED = z FBD in the same segment ; 

.-. I FOG -^ L FED; 

and z O^JP^ = z BJLG^ ; 

.-. lAGB= iOFA=a,ngh.tL. 




Fio. 486. 



44. Let ABCD be a quadrilateral inscribed in a © ; join AC, BD. 
Make z JLBi^ = z DBO, then z ^J5D = z J&J50, and .\ AD^^FC. 
Then since z ^DB = z j&CB in same segment, the as ABD, EEC 
are similar ; 

.-. rect. BD, BE=Tect. AB, BC. 
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Again, l ECF-= l ABF ^ l DBC; and z EFC = i CDB ; 

/. A 8 ECF, BBC are similar ; 
and .'. rect FE, BD^rect CF, CD^rect AD, CD, 
Hence rect. BF, BD = rect. AB, BC-\- rect. AD, CD, 
Similarly, by taking z BCG = z ACD, 
we may show that rect CO, CA=Tect, 
AB,AD + rect.CB,GD. 
And since z 506? = z JLGD, 

.*. arc BG=^tLrc -4D=are i^O; 

.% arc-B.4^=arc(?-PC; 

.-. 5F=(?0; 

.% rect Of?, C4'=rect 5i?; CA, 

Then uiO:5D»=rect. ^0, Bi^ : rect 

BD, BF, Fio. 48: 

=rect AB, AD + TecL CB, CD .rect AB, BC+rect. AD, CD. 




45. Let ABC be the a, and BDEC the 
square. 
Let AD, AE cut the base in P, Q, 
Draw AF L to BC. Then PF^QF. 
Now, by similar as ^PP, DP-B, 
FF : FB^AF : 5D, 
=.iP:50; 
.-. PjP:uiP=PP:PO; 
.-. 2PJF' : 2AF=FB : PC ; 
.-. P(?:2J[P=PP:P0; 
.-. PQ:PP=2.iP:Pa 




Fig. 488. 



46. Since rect. DA, BE = sq. 
on AC, 

.\DA:AC-^AC:BE, 
=^CB:BE; 
and ^DAC^^iCBE; 
.'. A DAC is similar to a CBE. 

(VL 6.) 
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47. Bisect the zs at £ and A by st. lines meeting in 0, and let 
BO meet JLO in 6. Then l hBA = J i CBA = z 5JL0 ; and Bh^Ah ; 
and similarly, Ca^Aa, 

Now since AO bisects i BAb, 

r. BA:BO=-Ab:Ob; 
and .\BA-BO:BO=BO: Ob. (1.) 

Again, *.• CO bisects z BCb, 

,\BC'.BO=CbiOb, 

^AB-Bb:Ob; 
/. BC+BOiBO^AB-BO : Ob. (2.) 
From (1.) and (2.), 

BC+BO :BA-BO=AB-BO : BO ; 
/. BC+ BA : 5ui - BO^AB : BO ; 
.-. BC+ BA : AB=BA-BO : BO ; 
.-. BC + 2AB:AB:=AB:B0 ; 
i.e. perimeter : side = side : distance of cent, of inscr. ©from B. 





48. Let J> be the centre of the © escribed to 
ABC, which touches BC externally. Then AOD 
is a straight line, because AD, AO both bisect the 
angle BAC ; also, OB, 00 bisect the interior angles 
at B and C ; and BD, CD bisect the exterior angles 
at B and C ; therefore OBD, OCD are right is. 

.'. AO passes through the centre of the de- 
scribed about BOCD. 

(Solutions of SenaJte-House Problems for 1878.) 




49. Let ABC be the a. Take 
DE a third proportional to AB, 
BC. Divide AB m G so that 
AG : GB = AB : DE, and draw 
GH \\ to BC. 

Then AG : 6^5= duplicate ratio of 
ABiBC; 



C 
Fig. 492. 

.'. AG : GfJ5= duplicate ratio of AG : GH ; 
.'.AG:GH^GH:GB. 
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50. Let ABC be an equilateral a inscribed in a © . 
Take Z), E the middle pts. of arcs ADB, AEG. 
Let DE cut AB, AC in the pts. P, Q, 
Join BCy AE, DB. 

Then %• i CDE = i DCB, subtended by an 
equal arc, 

.-. DJ^isllto^C. 
Then •.' z DPB = z APEy 
and z D^P = z ^j&P, 
and DB=^AEy subtended by an equal arc ; 

.-. DP=FA, and similarly EQ=QA, 
Hence, since APQ is an equilateral a, 
PQ^DP^QE. 




Fio. 493. 



61. zuiCD=|ofaright z; 

.-. z CAD = z ODui = J of a right z ; 
.*. z PJ.D is a right z . 
Also, z ACE^\ of a right z ; 

.-. z ^J^C= J of a right z ; 

.*. AE=^AC ; and z J>^^ is a right z ; 

.'. BAE is a straight line, and BE=BD ; 

.". BED is an equilateral a, and .'. EC=DA. 

Then rect. i)^, CE 

=sq. on C^, 

=sq. on PJ^-sq. on PC, 

== 3 sq. on BC, 

=2 rect. BC, P0+ sq. on PC, 

=2 rect. ^0, ^0+sq. on BC, 

=rect. DP, ^O+sq. on BC 




62. Since OP : EA-^BE : PD, 

.-. rect. CE, PP=rect. P^, PP ; 
.'.a © described round a BCD will 
through A, 
For, if not, let it cut AB in M. 
Then rect. OP, PP=rect. BE, EM, 
.*. EM=EA, which is absurd. 



pass 




Fio. 495. 
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53. Let ABQ be the a , and AE the tangent 
at A, 
Draw BB \\ to AK 
Now L EAB = z J5CA 

and I AEB = z D50 ; 
C .-.AS JLJEB, -DOjB are similar ; 

r. AE : AB^CB '. CD. 
Also AC:AE=DG:DB (by similar as 
^0^, BCB\ 

.'.ACiAB^CB: BB. (V. 21.) 




Fig. 49tf. 




D C 



Pio. 497. 




64. Let ABC be the a , DjPx to AG. 
Then z 5Zi& = z JS^OD ; 

.'.AS J.D-F, EBC are similar ; 
.\BF:BA^BC:BE. 
But BA:BG=BG:BC; (VL 13.) 

.-. DJP^ : BG=BG : BE. (V. 21.) 



65. By VI. C, 

rect. BKy diameter =rect. AB, BC; 

rect. BL, diameter = rect AB, BG ; 

.'.BK: BL=Tect. AB, BG : rect. AB, BC. 



Fio. 498. 



56. Let ABC be the a , and BBFE the rectangle. 

Draw FG ± to AG 
Then by similar a s ADE, EGF, 
AB'.AE^EGiEF; 
.: rect. AB, EF^rect. AE, EG, (1.) 
and, by similar a s ABE, FGG, 

BEiAE^GCiFC; 
.'. rect. BE, ^C=rect. AE, GG. (2.) 
Pig. 499. Hence from (1.) and (2.), observing that 

BB = EF, and BF= BE, 

rect. AB, BB + rect. BF, FC=TGct. AE, EG. 
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57. Let OAB be an isosceles a , and let the 
circle cut the base in C, D, and the sides in F^ E. 

Then •/ OE : OB=^OF : OA ; 

/. Zi^ is II to AB, 

Hence if GE be joined, i EEC = z ECB ; 

and .-. arc ^0=arc ED ; 

/. I FOC = z J>0^ ; 

and OA = 05, 00= OA and /. J 0= DjB. (I. 4.) ^ 

58. Let AC he the diameter through A, 
and let MP be drawn ± to AC produced. 

Then the a s ABC, APM are similar ; 

.\AB:AC=AF:AM; 

,'. rect. AB, AM =^rect AC, AP ; 

.*. rect AC, AF is constant ; 

.*. P is a fixed point ; 

and the locus of ikf is a straight line 

through P ± to AF, 

59. Li the A JL^Olet ABhe greater than Ac. 
Draw BE, CF ± son AC, AB, 
Then *.• a s ABE, ACF are similar ; 

/.AB:BE=AC:CF; 

.-. AB : AB-BE=AC : AC- CF ; 

/. AB : AC=AB-BE:AC-CF ; 

.-. uijB - jBJ^ is greater than AC-CF; 




Fio. 500. 




Fio. 601. 




Fig. 502. 



.-. AB+CF\b greater than AC+ BE. 

60. Let Ap, Aq, the x s from A on the external bisectors of the zs 
at B and 0, meet jBO produced in P and ^. 
The A 8 ABp, FBp are evidently equal, 

.-. PB=-AB, and similarly, CQ=AC. 

A 




B Fio. 503. C 

.*. PQ=the perimeter of a ABC ; 

and as p and q are the middle points of AP, A Q ; 

.'. pq=hsM the perimeter of a ABC 

L 
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61. Let J[, B be fixed points on a ©, and P a movable pt. ; also 
let 2? be the centre of ± s of a APB, 

Let Pj9 produced meet AB in c, and the © in a. 
Then z J[pB= supplement of z AFB^ 

.*. if A ^aP be turned round AB, a will coincide 
with p ; 

/. ca=^cp, 
. •. Pj? = cP - ca = twice the distance of the centre 
Pio. 604. of the © from AB, 

Hence Pp is constant for different positions of P, and being drawn 
in a constant direction, the a s PQR, pqr must be equal, similar, and 
similarly placed, as one will coincide with the other when moved || to 
itself through a constant distance. 





62. The A s APF, ABD are similar ; 
.\AF:FF=AB:BB; 
.-. rect. J[P,PD=rect. PP, AB. 
Similarly, rect. AF, 0D= rect ^P, AC. 
. \ rect. AF, BC= rect. FF, AB + rect. EP, AC. 




63. About A ^DJ? describe a ©, cutting 
ABf AC, produced if necessary, in O and F. 
Join FG. 
Then •/ z GAD = z FAE, 

.-. arc GD==arG EF ; 
C .'. I GFD = i FDE ; 

.: FG is\\ to BC; 
Fio. 606. •. AB : AC=BG :CF; 

.'. sq. on AB : sq. on AC=Tect. AB, BG : rect. AC, CF; 

= rect. BD, BE : rect. CD, CE. 

(III. 36.) 
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64. Let A, B, C be the given points, and l-.m-.n 
be the ratio of the perpendiculars. 

Take a pt. D in AB so that AD : BD=l : m, and 
a pt. ^ in AC so that AI! : 0^=Z : n. 

Then DJ^is the line required, since ± s on it from 
A and B are as AD : BDy i.e. as I :m ; and those 
from A and C are as Z : 71 ; and .*. those from B and 
are as m : n. 




Fio. 507. 



65. Let ABC, DBF, GHK be three sunilar as. 
Take MN a fourth proportional to BC, EF, HK ; and on MN 
describe a a LMN similar to a ABC, 





A 



A 

KM N 



F H 

Fia. 508. 

Then, by VI. 24, 

aABC:aDEF = aGHK:aLMN. 



66. Let ABC be a a , DBF the middle pts. of its sides. 
Let the bisectors of the sides meet in 0. 
Join FB, ^ ^ 

Then AOB, EOF are similar a s ; 

.-. AO : OE=AB : EF, 

= 2:1 /p 

Similarly,BO : 0F= 2 : l,and CO : 0D=2 :1. 
Draw AN± to BC, and OP i. to AN, B 

Then a ^.BO : a 0BC=AN : PN, 

^AE ; OE, 

=3 : 1. 




N EL 

Fia. 609. 



67. Let OP, OQ be the given Mnes, C a pt. such that 
if OP, CQ be drawn i. to OP, OQ, the line PQ is con- 
stant, lien since PQ is constant, and z POQ is fixed, 
the circle circumscribing OPQ is of constant diameter, 
and OC is the diameter of this © . Hence the locus q 
of C is a © with centre 0. 
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68. Let UFGH be one of the Os, and let AD produced meet CH 
produced in M. Let DB, EG intersect in 0. 

Then z BCQ = z DMH, 

E A F '^lEAD; 

and z ^^D - z BGO, and AD=^BC ; 
0_-^B .-. ED=^BG, and, since as ^OD, J50G? are 
equiangular, 

.-. OB=OD QXid OE=OG; 




M H C G 

Fig. 511. 



/. is the point of bisection of diagonals of 
ABCD, EFGH, 
Hence the diagonals of all the Os pass through 0. 




69. Join RT. 

Then A 012^ = A 0P12 ; 
and A C1?T = A PTjR ; 
.'.aORQ- aQBT = aOFB - aPTB; 
.-. A OBT = A OSP - aSTB ; 
.-. 2a^TjR = aOSP - aSTB ; 
.\3aSTB^aOSP; 
,:6a8TB^2aOSP, 
= A OPB, 
= A OBQ ; 
.•.3aOBT==aOBQ; 




Fio. 518. 



70. Let P be the middle pt of BC. 
Draw BO \\ to AC, and meeting ^Pi> 
inO. 
^ Then •.• BP=PC, ,\ OB=EC ; 
C and, since PO is || to ACy 

AD:BD==AE:BO, 
=AE:EC. 
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71. AreaofAJLBO 

= J rect. CPy AB, 
= Jrect.CP,2^Q, 
= rect. OP, OQ, 
=a constant 




FiQ. 514. 



72. Let PD meet the concave Oce in B. 
Then since CAP, CBP are rt. zs, a © described 
on PC as diameter passes through A and B, And 
since PFC is a rt. z, P is a pt. in the Oce of 
this ©. 
Then rect FP, PJ^=rect. FE, EP + sq. on EF, ^ 

(II. 3.) 
=rect AE^ EB + sq. on EF^ 

(III. 35.) 
= rect. RE, ED + sq. on EF, 

(III. 36.) 
=sq. on FD, (II. 5.) 
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73. Let a, P, y be the points of contact of the inscribed ©, and let 
the three © s be drawn as described. 

Then Ay and Ap are equal, being 
tangents to the inscribed © . Join AG ; 
it most be a tangent to the two © s Qy, 
Gp, since the rectangle under the seg- 
ments of any line drawn to these ©s 
from A must be equal to the squares on 
Ay, Ap, which are equal, and therefore 
AG cannot meet these © s in any other 
point than G, 

Similarly with regard to BH, CK, 

But tangents to the three Q)^9XG,HjK meet in a point ; 

.*. AG, BH, CK meet in a pomt. 
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74. BH'.BK^EHiAK, 
=FL:AK, 
= CL:CK; 

.'. rect. BHy CK^rect CL, BK, 

A 




Now sq. on ^0=rect. BC, CK^rect, BH, CK+ rect. CH, CK ; 

and sq. on AB=veci, BC, BK= rect BL, BK+ rect, CL, BK ; 

.*. sq. on ^O-sq. on AB=Tect CH, CK-Tbct. BL, BK, 



75. Let ^^ be the diameter ; join BC, 
CE. 
Then z ABD + z BAE^a. rt. z ; 
and z ACB + z BCE^a, rt. z ; 
also z BAE = z BO^ in the same seg- 
ment ; 
^ .-. zJ[BD = z^aB. 

Hence as J.BjD, J.GB are similar , 
.'. AD:AB=AB:Aa 




Fig. 518. 



76. Let ABC be the fixed chord, and APQ the movable chord, 
and let PB, QC intersect in R. 

T Draw TA, DA tangents to the ©s at -4. 

Then i TAQ = l ACQ in alternate seg- 
Av^^— ^ ment ; 

D and z DAP — z ABP in alternate seg- 
ment ; 
.-. z TAD = z uiOQ - z ^5P, 

= z ACQ - L BBC = z ^120. 
° Now z TAD is constant, and .*. z BjRC 
is constant. 

Hence the locus of 22 is a circle passbg 
through BC 
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77. AE'.ED=BC\CD. 
AhOy AE: DA =BC:BD, 

=:AB:BD, 
= EC:CD; 
., compounding the ratios in (1.) and (2.), 

sq. on AE : rect. ED, DA^iect. BC, CE : sq. on CD. 




78. Bisect BC in E ; then E is the centre 
of the © described about a ABC. 

Draw ^D II to BA, then ED bisects AC. 
Then z AEB^2 l ACE. (III. 20.) 

Now AE is greater than AD ; 

.'. AE is greater than AB ; 
.-. z J.Bj& is greater than z J.^B ; 
.*. z -45j& is greater than 2 z -40^. 




79. Describe a © about the a ABC, and 
produce J.jB to D, making BD=AB. 

From D draw DE \\ to jBO, meeting the Oce ^ 
in^. 

Join AE, cutting BC in F. D^^ — (E 

Then •.' AB=BD, .\ AF^FE. 
Now rect. BF, 2^0= rect. JLi^, ^^=sq. on AF ; 

.-. 5^ : J[i^= AF : ^0. Fio- ^22. 




80. Since a s ^JLG^, DAE are similar, 
.\AG:AE=FA:AD; 

and since a s ^^(7, DJLB are similar, 
.\FA:AD=CA : AB. 

Hence AG : AE^CA : ^J5 ; 
.-. EG is II to BC. 




Fio. 523. 
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81. L AFC = L ABC, in same segment ; 
I AFD — L ACD, in same segment, 
= I ABC, because CD cuts AB at rt. zs ; 
Q .-. L AFC = I AFD. 

Again, l DGB^ l DCB^ l CAB= l CGB; 
.'. ^s at J* and G are bisected by AF, BG; 
.-. CF : FD^CE : ED, (VI. 3.) 
=^CG:GD, 



82. Let p,fy9\>e the pts. of tangency. 

Then sq. on CH 

= sq. on 0(7 -sq. on OH, 
^{PC^0H).{0C-0E), (ILB.p.84.) 
= {OC-¥OF+FE).{OC-'OG + HG), 
Now FH^HG=fC=-gC==Cp ; 
and 00+Cp=0p=0-4 = 0B; 
.-. sq. on Ofl"= (0-4 + OjP) . lOB - 0G\ 
=rect. AF, BG. 

83. Let BO be the given st. line. Divide BC in D, so that BD : DC 
is in the given ratio. On BC describe the a ABC, such th&tBA : -40 
is in the given ratio. Produce BC to E, so that BE : EC=^BD : DC. 

Then z D^-E? is a rt. z ; (p. 251, Ex. 3.) 

and .'.a © described on DE as diameter passes through A. 
Let F be the centre of this circle, and G any pt. in the Oce. 

Then z FAD = z ZD-4 ; 
•. /.FAC+ L CAD^ LABD+ z BAD. 
Now z OuiD = z B^D ; (VL 3.) 
.-. z JL40 = z uijBi) ; 
.'.AS J.jBJ', ACF are similar ; 
.-. Bi^;l^^=2?:4:-F0; 
OT,BF:FG=FG:FC; 
r.iCGF^ lCBG. (VL 6.) 
But z FGD = z l^DGt ; ' 

=- /.CBG+ lBGD; 

.'. L FGD - z OBO = z BGfD ; 

.-. z FGD - z 00i^= z BGD ; 

.-. z DOO = z BOD ; 

.-. DO : GC^BD : DC. 




Fio. 526. 
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84. Let 0-4, OB be the tangents, and OCD the 
secant. 

Since l OAC = z ADC, in alternate segment, 

.'.AS ADO, OAC are equiangular ; 

.\AD:AC=DO:AO. 

Similarly a s ODB, BCO are equiangular, and 

/,DB:BC^DO:OB, 

=DO:AO; 

.\AD:AC=DB:BC; 

.-. rect. AD, 50=rect. AC, DB, 

(McDowell's Exercises.) 




85. Let ABC, BDC be triangles on the same 
base, and let i BAC = z BDC. 

Then a circle described about a ^50 will 
pass through D, 
Let (2= diameter of this ©. 
Draw AM, DM ± s to BC. 
Then area of a ABC=i AM.BC ; 
and area of a DBC=l ^-^V. 50 ; 
.-. area of a ABC : area of a DBC=AM ; DN, 

=rect. ^Af, d : rect. DN, d, 
= rect. B^, AC : rect. BD, DO. 




M 

Fig. 528. 



N 



86. Let P be a pt. such that 

AP:PB^AC:CB. 
Then CP bisects i APB ; (VI. 3.) 
and if AP be produced to Q, 
DP bisects z BPg ; (VLA.) 

/. OP isxto DP; ^- 

.*. a semicircle described in CD 
passes through P. 
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Fio. 530. 



87. Let ABCD be the quadrilateral, the pt. 
of intersection of the diagonals. 
Then if the diagonals are at rt zs, 

area of quadrilateral =1^ AC x BD. 
If they are not at rt. zs, draw AM, CN ± s to BD : 

then area of quadrilateral= J (-4Jkr+ Oi\0 ^ ^^^ 
Now ^ilf is less than -40,andO-Ari8 less than CO; 
.-. ^3f + OJVis less than AC. 



88. It is clear that if we prove the proposition for any one triangle, 
it will be true for all triangles having their sides parallel to the sides 
of the particular triangle. 

Now AF produced bisects BC in G, and 
AF=2.FG. 

Draw 00 II to BF, then FCO is the parti- 
cular triangle to which we have referred. 
Since J:D=i)0,.-.^i^=J^O,and.\ GO=QF, 
,Q and the line CG bisecting FO coincides with 
BO, and .*. is II to it 

Again, if OQP bisect FC, 
0P= J of CE, and CQ=% of 06?= J of CB ; 
.-. OP is II to AB, 





89. Let be the centre of the larger 
circle, and the centre of the smaller 0. 

Draw CAA^ to meet the larger© in A\ 

Them A0P=2 A AVF ; 

.*. arc-4P=arc-4'P; 

.*. ^' is the original position of -4, and 
PA being ± to CA' is constant in direc-, 
tion. 



Fig. 532. 
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90. Join FH and EK. Then since z EAK=% of a rt. z. 
/. A EAK is equilateral, and /. EK is || to CB ; 
and similarly FH is || to -4(7. 
Then in as G^^, i?^EC, •/ z C?E^ = z EEC, 

and z ^-4 6? = supplement oiiECF, 
.\GE:EF=GA:CF, 



(1.) 




Fro. 633. 

And in As GEK, EEC, \' z GKE-= § of a rt. z = z ii'OZ'; 
and z (?^X = z GJ?'^= supplement of z EFC, 
,\GE:EF=GK:CE. 
From (1.) and (2.) GA : GK=CF : CE. 
The other result follows similarly. 



(2.) 



91 Let OD, OE, OF be the perpendiculars' 
on BC, AC, AB. 

Join OB, OAy DF, FE. 
Circles can be described about DOEC, OEAF, 
and OFDB ; 
.-. z BOD = z -BFD, and z ^0^ = z J^JF^i?. 
Now z DOjE; + z DOE =2 rt. zs, 

^iBOA + lDCE) 
.\iD0E^ lBOA.; 

,\lAOE= lBOD; Fig. 634. 

Hence z 5i^i> = z AFE ; and .*., since BFA is a straight line, 
DF and JPlfe' must be in the same straight line. 

(McDowell's Exercises.) 
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92. Let ABC, DEF be the 
two triangles, such that 
z BAC = z EDF, sjid ED=FD; 
and suppose that 

AB:DF=DE:Aa 
Then ABiDE^DF: AC; 
and.-.by VI. 15, 

aABC = aDEF. 




93. Since the A s are similar, 

AB:BC-=^BC:BD; 
.*. AB : 5D= duplicate ratio of AB : BC, 
= aABC: aBCD. 




94. Describe any equilateral a ABC, 

Take D a point of trisection of BC, and in AD take ^0=the 
given straight line. 

Draw POQ \\ to 50, then a APQ is the 
triangle required. 

For it is equilateral, since its zs are equal to 
those of A ABC, each to each, and is a point 
of trisection of PQ, for 

ADiDO^BDiPO, 
D C and AD : DO=^DC : OQ, 

Fio. 637. .-. BD : DC=PO : OQ ; .-. P0= 20Q. 

95. Let d be the point through which the lines pass. 
^ ' Draw |>-4g || to BC, meeting Bb, Cc 

' produced in g and 'p. 

Then Aq : BC=Ab : 06, 

and jBO : Ap—Bc : Ac ; 
.'. Aq : Ap=Tect, Ah, Be : rect. 06, -4c. 

^ Q Now Jg : Ap=^Ba : Oa ; 

Fio. 638. ,\Ba: Oa =rect. J6, J5c : rect 06, Ac\ 

,\ Cb : Oa= rect. -46, Be : rect. jBa, -4c. 
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t:> 



96. Since a AFB : a AFB-=FD : BF, 

=rect AF, FD : rect. AFj BF ; 

and A AFB : a BFC=AF : FCy 

=rect AFjBF:TeeLBF,FC; 

.'. A AFD : A BFC=TecL AF, FD : rect BF, FC. 

But A AFD : A BFC=sq. on ^D : sq. on BC ; 
.-. rect. ^J^, FD : rect. ^J", fC=sq. on AD : sq. on BC. 




Fig. CJ». 



97. Since z B^F = z ^DC, in same 
segment of ABED, 

and z ^ ^jB= supplement of z J?^^, 
= LDCB,hj(D BFEC; 
.'. AS ^B^, DBC are similar. 
Again, z BFC= z 5^(7= supplement 
ofz BED = I BAD, 

and z BCF = z BEF = z ^2>-4 ; 

.-. A s jBCF, ^2>^ are similar. 




Pia540. 



98. Draw EF\\ to AB, meeting AC in E, and BC in F, 
Draw 00, JTft J?T || to BD. 

Then O is the middle pt of AB ; ( VI. 2.) B 

mlOFiFB=CF:FB, 

= CE:EA, 

= 00 : QA • 

.-. OP+FB : PB= Og + QJ: : gj ; 

.'. 0B:PB=0^:g4; 

.-. PB=QA 




99. Since CF :CD=EF : BD, 
and CD : DF=AC : EF, 
.\CF:DF=AC:BD; 
.'. CF:AC=DF:BD; 
andz^OF= /.BDF; 
.'. z .4P0 = z PPD ; 
.'. z ^P^ = z BP^, 



(VI. 6.) 
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100. Let CD produced meet the larger 
iiiF. 

Then i ODC is a rt z, and 
B .-. DF=DC, 

Now rect AD, DB =vect FD, DC, 

=sq. on DC. 
Similarly, rect. AE, EB=aq, on CE, 



101. Describe a about the a ABC, 
Produce EB to meet the Oce in J?*, and join AF, 

Then '.• z EBC = z EBD, 

and 
z ^i?'B= supplement of z B(Li= z jBCi?, 
.*. the A 8 ^5C, l^B-4 are equiangular; 
.\AB:BF=^EB:BC; 
.-. rect. ^5, £0=160^ BF, EB ; 
.-. rect. AB, BC+sq. on 5J7 
=rect. BFy ^B + sq. on 5£^, 
Fio. 544. =rect. FEf EB, 

=rect. EA, EC, 

102. In the as QAB, PCB, since z QBA = z P^a, and z Q^5 is 
the supplement of z PCB, 

.*. Q^ : QB^PC : FB. 

3 





Fig. 545. Q- 

AlsozP+ zQ=4rt. zs-(zD^P+ lBCD + 2iABC), 

= 2rt.zs-2z J:P0; 
,'.l {lF-\- L Q)= complement of z ABC. 
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103. On the given diameter describe a ©, and from it cut off a 
segment ACB containing an l equal to the given vertical z. 

Divide AB in D, so that AT> : 2>J5 in the given 
ratio of the sides. Draw the diameter EF ± to 
AB. 

Join ED and produce it to meet the Oce in C 

Then since arc -4^= arc EB^ the l ACB is 
bisected by CE \ 

,\AC:CB=AD:DB, 

—the given ratio. 

Fio. 54t5. 




104. Since the distance OP is known, OC 
is known, and we can find a square = differ- 
ence of squares on OC, CT, the side of this 
square gives OT, 

Join OC, and what is required is done. 




Fig. 547. 



105. Let A, By and be the three points. 

Divide AB in D so that AD : DB=p : 5, and in AB produced take 
a point E, such that AE : BE=p : q, and upon DE, as a diameter, 
describe a circle. Every point on this circle has its distances from A 
and B proportional to p and q respectively. (See Ex. 83.) 




Fig. 548. 

Describe a similar circle relative to A and C. 
The points of intersection of these circles, when intersection is 
possible, satisfy the required condition. 
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106. Since AJ) is bisected at 0, l ABC = z CBD ; 

.*. z ^BO = z 0-41), and .*. a© passing through 
AEB touches AC, 
Draw ^^'± to CA, and 5^'± to AB, 
Then J.^' must be a diameter of the © passing 
B through AEB, 

and z ^'^B= complement of z CAB, 
= z CB^ ; 
.*. A A'AB is similar to A ABC ; 
.\BC:AB=-AB:AA\ 




Fio. 541). 




Fig. 550. 



107. Draw ^T± to the given line TP, and take 
P B in AT, such that rect. AB, AT=Tect AQ, AP. 
Then AB:AQ=AP: AT, 
Hence as BAQ and PAT are similar ; 
T and /. z AQB = z ATP=-q. rt. z ; 

.'. the locus of § is a ©having AB for its diameter. 



108. We can describe a rectangle having for one side the sum of 
the given lines, and for the other the difTerence. The area of this 
rectangle will be the difference of the squares on the lines. We can 
then describe on the given line a rectangle equal to this rectangle, and 
what was required is done. 



109. Let CB and RC, the external bisectors of the angles at Band 
C, meet in A'. 

. First, since z -4'= supplement of 2 z -4, 
f L A' cannot = z -4 unless z A —\ of 2 rt. 
zs, in which case the as are equilateral. 
Hence A'B^C is not similar to ABC, 

Next, to show that A'BC cannot be 
similar to BCA, 

If so, 2 rt. zs - 2 z ^ = z B, 

and 2 rt. zs - 2 z B = lC, 

and 2 rt. zs-2z G = i A, 

Hence we get lA-l (7= 0, 

and lA-l B= 0, 

.'. the AS are equilateral 
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110. Area of ABC : area of A'RC 

=rect. AB, AC : rect. A'B\ A'C\ 
=rect. A'C\ AC : rect. A'R, A'C\ 
^ACiA'R. 



3 




C B' 

Fio. 652. 



111. Let Ay By Cy By Ey F be the angular pts. of a regular hexagon. 
Describe a © about it. 
Join AEy ECy CA ; BFy FD, DB. ^ 

Then a s AEC, BDF are equilateral. 

And since FB, EC cut off equal arcs, F ^^ / \ ^^ B 
they are ||. 

.*. AM=ANy and a AMN\a equilateral 
Now in A s ABMy FEM, 
V AB^FEy and i AMB = i FMEy 
and z -45Jlf= zJP^Jf, in the same segment, ^ 
. •. AM=^ FM ; and similarly AN= BN ; 

.-. FM=^MN=NB ; 
.\lFBM=-^ ofABDF=^ A BON= a QPD ; 
.-. hexagon MNOPQR^ § of a BBFy 

= I of J of hexagon ABCDEFy (p. 202, IV. 15.) 
= J of hexagon ABCDEF, 




D 

Fio. 653. 



112. Let ABC be the a, and DjE; the line 
to BO. 
Then A ABC=^ 9 times A ADE ; 

.*. -4 C= three times AE ; 
.*. D, ^ are points of trisection of ABy AC, 



M 




B ^C 
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113. Let -4PQ be the chord to the circles from A. 
Join OP, and draw DiJ to JR the middle pt. of PQ. 
Then GF, DB being both ± to AQ are ||. 




Fig. 666. 



.'.AF:FR^AC:CD; 

,\AP=2PR; 

.-. AP^PQ. 




114. Since-&^=^B=jE;D,a © described 
with centre E and radius EA passes through 
D and P ; 

.*. z ADB is a rt. z ; 
.*. ADC is a rt. z ; 
.*. a described with centre P and radius 
FA passes through D, 



Next, let AEF be an acute-angled a . Produce AE, AF to B and 
0, so that EB=AE, and FC=AF. 
Then BC is || to EF. 

Turn A AEF over round EF, then ^ will fall 
on a pt. D in BC such that ED=EAy and 
FD = FA; and .-. Aj&^P will coincide with 

Then z EAF + z ^PP + z ^PP 

= z PDP + z PPD + z EFDy 
= z PDP + z PjDP + z PPC, 

= 2 rt. zs. 





Fio. 658. 
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115. Since a BAG = a DAE, 

/. aBCE = aDCE; 

and .-. 0^ is II to BD ; 

.-. BC:BF=^DE:DF; 
and.*. aBCA : aBFA^aDEA : aDFA, 

But aBGA ^ aDEA; 

.-. A5-F-4 =-aDFA ; 
and .'. perpendiculars from B and jD on FA 
equal; 
and .'. FA bisects BD and its parallel CE, 



lia Sq. on PiV=rect. AN, NB, 

= i • t of sq. on ^ J5 ; 
sq. on QN= rect. AN, NO, 

= J • J of sq. on AB, 
/. sq. on P-AT : sq. on QN= 5 : 2. 



Fio. 559. 

117. First describe a rectangle equal to the sum of the given square 
^Ud the given rectangle. Then describe a square equal to this 
Rectangle. 




Miscellaneous Exercises on Book XL 
Page 334. 



1. Let OA, OB, straight lines in 
the plane AOB, be equally inclined 
to the plane ACB, 

Let AB be the common section 
of the planes. From draw 0C± 
to the plane ^CP, and join AC, BC. 

Then \' l OAC =- /. OBC, by 
hypothesis, and z OCB = i OCA, 
each being a rt. z, and OC is com- 
mon to the A s AOC, BOC, 
.-. OA = OB, 
and .% I OAB = z OBA. 




¥\Q. 5ftft. 
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2. The two planes ACBX, ACBY are at rt. zs. 

In plane ACBX from the pt. C in the intersection ^B of the 
planes, GE, CF are drawn making l AGE = l BCF, DCIX is any 
straight line drawn through in the plane ACBY. Take CE= CF. 

Draw EA,FB i to AB. 

Then •/ CE=CF, and z CAE = z CBF, and z ^C-4 = z BOF, 

.-. AC=BCy and AE=BF. 




Fig. 561. 

Again, draw in plane ACBY the lines -417, J5i) J. to J.5, and 
meeting DCD' in IK and D. 

Then •/ AC=BC, and z ^Ci)'= z ^CD, and z (MD' = z CBD, 

,\ Ciy=CD, and AI/^BD, 
Join ZK^, DJ^, and then 

•/ AJy^BD, and AE=BF, and z jEX^J^ = z DB^, 

.-. iyE=DF; and .'. in the as CEU, CFD, 

v Ciy=^CD, and CE^CF, and UE^DF, 

,\ L jyCE^ L DCF. 



3. Draw AF ± to BC^ and BG ± to -40, and let these ± s inter- 
sect in D. Join Ei^. 
Then \' DMia jl to plane ABC, every plane through D-E is x to 
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plane ABC, and .'. the plane through DE and AF is ± to plane ABC, 
and AF is the intersection of the planes. Now FB is drawn in 




Fig. 562. 



plane ABC, and is x to the section AF, and .*. is ± to every line 

drawn in the plane BAF, and EA is in this plane, and 

.-. BCia± to BA. Similarly, BB is j. to AC, and ^0 is ± to AB. 



4. Let AB be the common intersection 
of a number of planes BABE', FABF, 
GABQ' . . . and D the given point. 
Through D draw a plane LCefg± to the 
section AB, and cutting it in C; then since 
ACB isxto the plane DCefg, every plane 
through ^ OB is ± to DCefg, and /. DCefg 
isxto all the given planes having the 
common section AB, and .'., if De, Df, 
Dg , . . be J. s from D on these planes, 
e, /, gr , . . all lie in the same plane 
through DC ± to AB, and .*. since CD 
is fixed, and the i s made by joining C 
to «, /, ^ . . . are all rt. zs, the locus of 
feet of ±s is a circle on DC as diameter. 




Fio. 668. 
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5. Let EABE\ FABF (as in diagram to Ex. 4) be the given planes. 
Let D be the pt. from which the ± b on these planes are drawn. 
Through D draw a plane DGef J. to AB, the section of the given 
planes, and draw De, Df ± s from JD on these planes. 

Then z eO/=angle,of inclination of planes EABIT, FABF, 
And since De is ± to Oe, and Df is x to Cy, 

/. z eDf = I eCf, 

6. Let AH' OH be the plane through -4 ± to plane AFFA\ having 
the line HGH its intersection with the plane HFH'F, 

Now since AF^A'F are two ± s to the plane HFHF, this plane is 

± to the plane drawn through A F, 
A'F, and also plane AH'GH is ± 
to the plane through AF, A'F. 

.-. the two planes FHH'F, 
AH'GH, intersecting in the line 
HGH, are each of them ± to the 
plane AFFA!, and .*. the line 
HGH is ± to the plane AFFA\ 
and .*. ± to every straight line 
drawn through G in that plane, 
« ... and .-. ± to FGF'. 

Pig. 564. 

7. Let FB, FC be equal straight lines drawn from the pt. F to the 
plane ECB. Draw FE± to the plane EGB, and join EB, EC, 

Then FEia±toEBmd also to EC. 

F 





Fio. 565. 

.*. in the right-angled a s JP^B, EEC, FB=FC, and J*^ is common, 
and .'. z FBE = z J^C^, that is, FB and i^'O are equally inclined to 
the plane. 
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line BE 




8. This exercise is the same as Ex. 5. 

9. From A draw ABi. to the plane BBE, and -4D± to the 
in that plane. ^ 
Make JDE-^AB, and join AE,BE,BD, 

Then in a s ABE, ADE, 
'.' AB=DE, and AE is common, 
and rt. z ABE=Tt, l ABE ; 
.-. AB^BE. 
Then in a s ABB, BBE, 
\' AB—BE, and BB is common, 
and AB^EB ; 

.-. L ABB = I BBE ; 
.-. z BBE is a right angle. p,o. gg^. 

10. The angles containing a solid angle are together less than 
four rt. z 8. 

.*. if equilateral As alone be used, a solid angle can be made by 5, 
4, or 3 equilateral triangles. If 6 were employed, the solid z would 
become equal to four rt. zs, and .*. the bounding lines would all be in 
one plane. If only squares be used, there is only one way of forming 
a solid z, that is by using 3, for if 4 were used, the solid z would 
become equal to four rt. zs. Taking one square, we can form a solid z 
either with 4, 3, or 2 equilateral A s. 

Taking two squares, we can form a solid z with 2 equilateral A s only, 
for if 3 were used, the solid z would become equal to four rt z s. 
.*. the total number of ways is 3 + 1 + 3 + 1, or, 8. 

11. Let AB be the intersection of the 
two planes, inclined at a given z. 

Let BCB be a plane drawn ± to AB, 
and having BC, BB for its intersections 
with the given planes. Join any two 
pts. C and B, one in each of these inter- 
sections. With CB as diameter describe a 
sphere cutting ABmE, and join CE, BE, 
Then the plane through 0, B, E inter- 
sects the two given planes in GE, BE, 
and these lines are at right angles, since 
CB is the diameter of a sphere, and ^is a Cy 
point in the circumference of the sphere. / fxq, set. 
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Fig. 568. 



12. Since AB is ± to AD and also 
to -40, it is ± to the plane DAC, 
and .'. to every st. line in that plane, 
and /. to AE and DE, 

But, by construction, AE is ± to 
CI), and .'. DE is ± to AE and also 
to AB, and .*. to the plane passing 
through AE, AB, and /. to every st. 
line in this plane, and .*. to EB, 



13. Let A he B, pt. in the wall XOC/, and B a pt. in the wall 
YO(y. The shortest distance from A%o B measured along the planes 

is ACB, where AC, CB make equal angles 

with (ycy : for if we imagine the plane 

YOB to be turned about the intersection 

OCy till it coincides with the plane XOA, 

^^ then ACB will be a st. line, and .*. the 

shortest distance between A and B, To 

find the ^. 0, draw -40" in the plane 

XOCy, ± to Oa, and B(y in the plane 

YO(y JL to oa. Divide O'O" in so that 

a'C'.aC^-Aa' :Ba. Then since as 

AO'C, BCG have zs at 0", O' rt. zs, and 

the sides about them proportional, 

r.LACa'^ABCa; 

.*. the required pt. is found. 




Fig. 569. 



14. Let FDG be the given plane, A and B the given pts. Join 

AB, and through A and B draw the ± s AD, BE to the plane FDG, 
If be the pt. in FDG in which the lines from A and jB intersect 
when the distance is the shortest possible, it must lie in the plane 
through AB± to FDG, and .*. in the line DE, For if not, suppose C 
to be the point ; and draw CC ± to DE in plane FDG, and join 

AC, BC, Then we have the right-angled as ACC, BCO, and the 
sum of the hypotenuses AC, BC must be greater than the sum of 
AC, BC ; and .*. C cannot be the point, and .*. the point must be 

inDB, 



KE Y TO ELEMENTAR Y GEOMETR Y. 185 



, Again, if we produce AD to A\ so that A'D=AD, it is plain that 
A' is at the same distance from any pt C in the plane FDG as -4 is, 
and .'. if we join BA*, BA' is the shortest distance between B 
and A\ and if BA' meets 
the plane FGD in 0, BG, 
GA' together equal jBO, GA 
together, and G is the re- 
quired pt. But BGA' is a 
straight line, and 
r.iBGE=^ iDGA'= lAGD, 
Hence the sum of the two 
St lines is the least possible 
when they are drawn to the 
intersection of the plane 
through A and ^ ± to the 
given plane, and make equal 
angles with it Pio 570 




16. The two planes -4J50, dbc, are 
cut first by a plane ABba, in AB, ha, 
and next by a plane AGca, in AG, ca. 
By XI. 16, AB is parallel to ab, 
and ^0 is parallel to aCy 
and since AB, AG, two st. lines that 
meet, are respectively parallel to ab, 
ac, two other st. lines that meet, 
.-. by XL 10, iBAG = Lbac. 



16. In the As BDA, BGA the two 
sides BD, DA are by hypothesis equal 
respectively to -40, OjB, and the base AB 
is common, 

.-. L BDA = I AGB, 

Similarly, 
iADG=iABG,BsidiiGDB^ lGAB; B 




Fig. 571. 




Fig. 572. C 

.-. L BDA + L ADG + I GDB = i AGB + i ABG+ l GAB, 

= 2 rt zs. 
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17. Let OA, OB, 00 he the three st. lines. 

Take OA = OB= 00, and join AB, BO, OA, which lie in the plane 
ABO. 

In the plane ABO find D, the centre of the circle circumscribing 
the A ABO, and join AD, BD, 01), OD. 

Then shall OD be the line required. 
For in AS ^OA^OD, 
'.•^0=£0,and ODis common, and ^D=J5i) 
(each being a radius of the described about 
A ABO), 

.-. z AOD = z BOD. 
Fio. 673. C Similarly, aAOD = i. OOD, 

. •. the line drawn from to the centre of the © described about 
A ABO is the line required. 




18. Let ABOD be a triangular pyramid standing on the equilateral 
base BOD, and having the angles at A rt. angles. 

Li AS ADB, ADO, 
'.' DB^DO, and AD is common, 
and L DAB = z DAO, 
.-. AB=-AO. 
Similarly, AB=^AD. 
Then if be the point of inter- 
section of ± s from the angular points 
of the A jBDO on the opposite sides, 
*.• OD=^OB, and OA is common, 
and AD=^AB, 
.'.lA0D-= lAOB', 
and similarly, z AOD= z AOC. 
Fio. 574. Q Hence -40 is ± to plane BDO. 

Then sq. on -40 = sq. on AD-sq. on DO, 

=sq. on AD - i sq. on DB, 
= sq on AD - § sq. on AD, 
= J sq. on AD, 
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19. The three plane angles BOA, COA^ COB form a solid angle at 
0, COB being a rt. z, and CO A the supplement of BOA, which we 
will take as acute. ABC is a plane cutting the edges OA, OB, OC 
in A, B, C, so that 0B= OC, 

TheninA^OjB 

sq. on -4£=sq. on 0J. + 8q. on 
OB -2 Ted, contained by OB and 
the section of OB between and 
foot of ± from A on OB ; 

sq. on AC^^sq, on 0^4 + sq. on 
OC + 2 rect. contained by OC and 
the section of OC between and 
foot of ± from A on OC ; 
sq. on BC^ sq. on BO + sq. on OC ; 

,'. sq. on AB + sq, on -40+sq. on 5(7=2 (sq. on 0^ + sq. on OB 

+ sq. on OC), 




Fig. 576, 



20. In the solid z formed by OP, OA, OB 

L BOA + L FOB is greater than l AOB; 

and in the solid z formed by OP, OB, OC, 

L POB + L POC is greater than l BOC; 

and in the solid z formed by OP, OC, OA, 

L POC + z POA is greater than z 00^ ; 

.-. z PO^ + z P05 + z POO is greater 
than J ( z AOB + z POC+ z 00^). 




Fio. 576. 



Page 342. 

Senate-Rotise Riders on Boohs VI. XL and XII, 



1849. VI. 4. Let AOD be a chord passing 
through the fixed point in a circle. Draw 
any other chord BOC, Join AB, CD, Then 
A s AOB, COD are similar ; 

.'.AOiOB^CO.OD; 
and.-, rect. AO, Oi)=rect. OB, OC; 
that is, the rectangle under the segments of 
any chord passing through is constant. 




Pig. 677. 
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XI. 11. This has been proved in Ex. 7 on page 334. 



1850. VI, 10. Since the zs at P are rt. zs, 

.•.AS ABO^ EBP are similar ; 

and .'.AS ECB, ACD are similar; 

.\JC:CD=EC:CB; 

.-. rect. CD, EC ^^lect. AC, CB, 

=sq. on CF; 
.-. CE'.CF^CFiCD. 




Fio. 67& 




1851. VI. 3. Produce AD 
to E, and draw DF bisecting 
the z CDE, Then 
z FDB=^i{ L ADC + L CDE). 
.-. z FDB=^a. rt. z, 
.'.a © described on BP as 
p diameter passes through D. 
(See also Ex. 83 on p. 302.) 



XI. 8. Through E draw the plane CAD ± to AB, intersecting the 
planes in AC, AD, and in the plane ACED draw EC, ED ±s to 
AC, AD, 

Through C draw, in the plane BAG, 
CK \\ to AB. 

Then ECK is a rt. z, and also ACE \a 
a rt. z. 

.'. EC is ± to plane J5-4(7. 
Similarly, -&i> is ± to plane BAD, 
Draw DP ± to ^0 in plane C^D. 
Then by drawing from F in plane BA C 
^ aline || to AB, it may be shown that DF 
'^ is ± to plane BAC, 

But P is a point in the line AC, and 




Fro. 580. 



,\ CF produced is ± to AB. 
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1852. VI. 2. This has been proved in page 294, Ex. 12. 



XL 11. is the point in which the 
perpendiculars from the angular points of 
BCD on the opposite sides intersect. 

(See Ex. 18, p. 335.) 
Then sq. on AD = sq. on -4 + sq. on DO, 

= sq.on-40 + Jsq.on^i); 
.*. 3sq. on-4D=3sq.onu40 + sq.bnJ[D; 
.*. 2 sq. on AD = 3 sq. on AO ; 
.*. 2 sq. on AB=3 sq. on AO, 




Fio. 681. 



1853. VI. 6. Describe a © round ABC; then CD cuts arc AB in 
E* its middle point, and if the base AB and the vertical angle at C 
be given, J^ is a fixed point. 

From CA measure CF= CB ; join FD, FE\ C 

FB. 
Then *.• CF=CB, CD is common, and 
L FCD = z BCD, 
.-. DF=DBy and similarly FFT^BIT. 
Hence i DEF^ l DEB, 

^iDAF) 
.*. a © can be described about FA ED ; 

.-. rect. CD, CE= lect CA, OF, 

= rect. CA, CB, 

=rect. CD, CE (by the question) ; 
.'. E coincides with E^, a fixed point. 




Fig. 682. 



XI. 21. In the diagram A^, B, C, A are 
supposed to be in the plane of the paper, and 
D above it. 

Then since BA, CA are respectively ± to B 
the planes BA'D, CA'D, it follows that A'D, 
the intersection of the planes, is ± to BA and 
CA, and therefore is ± to the plane containing 
them, that is BA'C, 




A 



Fio. 588. 

.-. DA'B and DA'C are rt. zs, and l BA'C is the supplement of i BAC, 
.*. zs at -4' together with z BAC maka to\ix tt. w^. 
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1854. VL 16. Let O, (Xbe the respective centres ; join CO^ OO, 
BE, WE. 
Then since BE is || to (yU ; 

..ABiBU^AEiEO', 
or AB : BO --AEiiA'E. 




Fio. 584. 

Similarly, A'F : FC^A'E : i AE. 

CompoundiDg, AB, A'Bf : BC, RC=AE, A'E :i.A% AE, 

=4: 1 ; 
.-. rect. AB, A'B'^4 rect. BC, BC. 

XI. 20. The inner triangle need not have its sides parallel to those 
of the outer. Let dbc be the inner and ABC the outer. Let aft, 6c, 

ca be produced to meet the sides of 
ABC in y, a, /3. Join W, and let 
be the point not in the plane of the 
triangles ; and let any line, such as 
acy stand for the angle subtended by 
it at 0. 

Then 6y + yO is greater than hC ; 

(XL 20.) 
.'. hy + yC+ Ca is greater than hC+ Ca\ 
T C .*. fry + 7O+ Oa is greater than ha ; 

Pio. 685. . *. hy + yC+Cah greater than 6c + ca ; 

so also, ca + aA-\- Ap is greater than ca + afi ; 
and, a^ + PB + By is greater than 06 + 6y ; 
.*., adding, and removing equal lines from each side, 
yC+Ca-{-aA+ A^ + )3jB + By is greater than 6c + ca + a6 ; 
that is, CA + AB + BC is greater than 6c + ca + a6, 
.*. the partic\i\aT cuae \a a\aQ ^to^i^d. 
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1866. VI. 2. Since BD and EO are 
parallel, 

.*. A s BjPD, E¥0 are similar, 

.\FB\FE=BD\EC. 

Now BD=BA, and EG^CA, 

,\FB:FE=BA:CA, 

.-. ^^ is parallel to J5i> and ^0. 



XL 16. The planes oB, cD are evidently parallel ; 
.'., since they are cut by the plane ad, ah and cd are parallel. 

From a draw aE parallel to AB ; aE will evidently lie in the plane 
aB, and will intersect Bh in some point E, so that aEBA shall be a 
parallelogram, and .'. aE=^AB, 

Similarly, draw cF \\ to CD to 
intersect Dd in F, then, as before, 
cF^CD, 

Now, since ah\&\\iocd, and a^is || 
to AB, which is || to 0Z>, which is 
II to cF, .-. aJ& is II to cF, 

Hence z 6a^ = z dc^. 

Similarly, z dbE = LcdF, 
.*. AS a6^, cdF are similar ; 
.*. ha :aE=^cd :cF; 

and .-. ha : AB=cd : CD. (I. 34.) 




C D 

Fig. 587. 



1856. XI. 11. Let ABCD be the regular tetrahedron. 

Bisect CD in E. Join AE, 
BE, and take F m BE such 
that j^^= 2 ^^. Join AF. 

Now JF* is the pt. where the ± 
from-4 on^OD meets^OD (see 
p. 335, Ex. 18). But all such ± s 
in a regular tetrahedron are 
equal ; and hence if BG be the 
± from B on ACD, AF=^BG, 

Draw FH ± to AE. Then 
by similar as BGE, FHE, 
BG:FH=BE:FE; 

=3 : i. J^ — "Eio. b?»?». 
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1857. VI. 19. The triangle ACB always 
varies as its base and height jointly. Draw 
BN ± to AB^, then ACB varies as the rectangle 
AC\ BN, 

Suppose ^,B/, Cfl! to be new positions of BB' 
and CO' : then {N, being the new position of JV) 
the triangle ACfB, would vary as the rectangle 
DfAC/,B^,, 

Fig. 689. But the AS BNB', B;Nfi; are similar ; 

.\LAaB: lAC; B, = rect. ACyBN: rect. AC,', J5^„ 

= rect. AC, BB : rect. AC;, B;B, 
=rect. 0(7, BB :rect, C.C/, B;B,, 
that is, A -4(75 varies as rect. (7(7, BjB'. 
Similarly, the proposition may be shown to be true for the A ABC, 




XI. 16. Let OABC be the pyramid, ABC the equilateral base. 
Bisect AB in JF*, join CF, OF, CF is evidently ± to AB, and ^ J5 ± 
to plane OO^P, and .-. to OF, But 1^ is the middle pt. of AB, and .'. 
AS OFB, OF A are equal in every respect ; 

.*. 025= OA ; and, by similar reasoning, OB=OC, 

Take any pt. P in the plane 
ABC; draw PL ± to OJjB, 
through PL di-aw the plane 
-E^PjD II to AB and cutting 
OAB in JSD, and 0^5 in GH 
(where evidently, by construc- 
tion, both ED and GH wiU be 
II to AB). The jl s from P on 
the planes OAC, OBC are 
evidently respectively equal to 
Fio. 590. LM and LN, 

For any position of P along GH, the ± on the plane OAB, will 
always be equal to PL, Hence for positions of P along GH, the sum 
of the X s will always be the same, if the sum of LM and LN be the 
same. 
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In Fig. 591, let II, M, N' be new positions of LyM.N ; LM, LN 
intersecting in K, then evidently LM+LN =^ L'M + L'N", if 
L'K=^LK, which is true, because L'KL is a A similar to BOA, and 
.•. isosceles. Hence for any pt. P in GH the sum of the ±s is 
equal to PX + LM+ LN, that is, to PL + DO, 
or HD'¥l)0, or HD + HQ (HQ being || 
to DO), 

Exactly as before, HD + HQ is of constant 
value and equal to J. 0. 

But P was taken anywhere in ABC, and 
the sum of its ±s has been found to be equal 
to AO, and .*. the sum of the ±s from any 
point in the A -4250 (and within it) is con- 
stant and equal to -40 (or BO or CO), Fio. 69i. 

The same is true if P be in the plane ABC and without the A ABC, 
provided that the ±s be subtracted when they fall on the side of the 
AS 0-4P, OBC, OCA opposite to that on which they fell when P is 
within the A -41^0. 




1858. VI. 15. Let ABC be the A, and BC its base. 
Take P in -4P such that 

sq. on ^P=rect AB, BP, (II. 11.) 
Draw PD \\ to BC, to meet ^0 in D, and 
join PC, 
Then shall P be the point required. 
For since sq. on -4P=rect. -4P, BP, 

,',AP:PB=^AB:AP; 

and .*., since as APD, ABC are similar, 

AP:PB=:BC:PD; 

andz ^Pi) = aPBC; 

.-. (by VI. 15) A APD = A PBC. 




Fig. 502. 



XI. 11. Cut the given planes by a plane ± to their line of inter- 
section. Let the given planes cut this plane in the lines XOX, 
YOY, Each required locus will reduce to a point where it cuts the 
above plane of construction (the plane of the paper). P, Q, PL, 8 are 
these points. 
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Bisect L YOX by OP, and from draw ON x to YO, and equal 
to the given line in length ; draw NP \\ to OY to cut OP in P ; and 
draw P3f, PL ±8 to OY, OX, The as POM, POL are evidently 
equal, and .*. P3f=PX=given line. 

Y 



M 



X' 







M 






/ A 


7" 


- 


R 


\ 


/ 


75 





Fio. 598. 



Construct similarly for R. 
Through P and R draw P^, RS 
II to OX, and PS, RQ \\ to OF, 
intersecting in Q and i9. 

Then P, Q, iJ, i8f are evi- 
dently the required points. 

Moreover, PQ, QR, R8, 8P 
are lines of intersection of the 
four planes (of the second part 
of the rider) with the plane of 
the paper. Perpendiculars from 
on these lines (ON is one of 
them) are evidently all equal to 
the given line. 

1859. VI. 31. By VI. 18 this rider is self-evident : it being only 
necessary to notice that if two or more sides of the given polygon are 
equal, an equal number of the described polygons will be equal, so 
that there will be only as many polygons of different sizes as there 
are sides of different sizes in the original polygon. 

XI. 20. Let the four lines be cut by a plane in the points A,B,C, X, 
the lines being OA, OB, 00, OX, Join AB, BC, CA, AX, BX, CX; 
and let the is subtended at by AB, BG, CA, AX, BX, CX be 
represented respectively by c, a, b, x, y, z. 

Then (see solution of rider for 1869, XI. 20) 
c + 6 is greater than y-\-z, 
a + c is greater than x + z, 
6 + a is greater than y + x; 
.*. a + 6 + c is greater than x + y + z. 
Again, in the pyramid OABX, by XI. 20, 
x + yh greater than c, 
so also, y + zis greater than a, 
and z + xiB greater than h ; 
,'. 2 (x + y + z) ia greater than a + b + c ; 
.*. x + y + z'vA greater than^ (a + b + c). 




Fio. 594. 
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1860. VI. A. — I. The proposition says that when i DCB is bisected 
by CX, AX : BX=AC : BC. 

Now in the mind suppose CX 
always to bisect z DCB, while 
the triangle changes itself gradu- 
ally to suit X moving away from 
A and B indefinitely, while Cs 
position is always the same. 
Then evidently CX will come 
to fulfil Euclid's definition of 
parallelism with regard to AB. When this is the case, 

z vex = z CAX, and z DCX = z BCX = z CBA ; 
.', z CAX = z CBA, or CA^CB, 

Hence when CA — CB the external bisector CX is 11 to base AB. 




Fig. 595. 



II. Taking an evident construction, since CG bisects z ACB, 

,\AG:GB=AC:CB; 

or, AG :AC=GB:CB, 

Let the bisector AF of the external z 5^D meet CG produced 

in F ; then 

FG:FC=^AG:AC, 

= GB:CB; 




F 
Fro. 596. 

.-. joining FB, by VI. A. FB is the bisector of external z ABB, 
that is, the external bisectors of A and jB meet the internal bisector 
of C in the same point 



{ 
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XL 17. Let ACE, QHK, BDF be the three planes, of which ACE 
and GHK are parallel ; AGB, CHD, EKF the three lines cut by 
these planes, so that AG : CH:EK=GB : HB : KF, 

From C draw CLMN\\ to AGB, cutting the three planes in 0, i, ^; 
join AG, GL, BN; LH, ND. 

Now -4 L is a parallelogram ; and so also is GN, if the plane BDF 
is II to GHK, and in this case the rider is proved by XI. 17. 

If this is not so, take LM (in LN) = GB, and join BM, MD. 

Then GM is a O ; 

.\AG:GB=CL:LM; 

.-. CHiHV^CLiLM; 

and .-. LH is || to MD ; 
.*. BDM is a plane || to GHK, and different from the plane BDF. 




In a similar manner another plane DBF may be found passing 
through D and F, and || to GHK, and different from the plane BND. 

But two planes passing through the same point D, and || to GHK, 
must be coincident, that is, the planes BMD, DBF must be the same 
plane, and this plane must evidently be BDF, for otherwise, two 
planes not coincident may be made to pass through three points not 
in the same straight line, which is impossible. 

. '. the plane BDF coincides with both of the planes BMD, DBF, 
and ia // to GHK and AQE, 
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1861. VL 6. Let the diagonals intersect in 0. Join EF, FG, GH, 
HE. IhaAOD, Jff and i; are two of 
the feet of perpendiculars, and hence a s 
OEH, OAD are similar, 

and .-. z OHE = z ODA. 
Similarly, in the as OAB, OGH, 
L ORG = z OB A ; 
.-. L EHG = z ODA + z OBA, 
= z ODA + z 0/)0, 
= z ^DO. 

Again, since the pairs of A s OEM, OAD; OHG, OB A, are similar, 

.\EH:AD=OH:DO, 
=^OH:BO, 
-^HG : BA ; 
0T,EH:HG=AD:BA, 
= AD:DC. 
.', the quadrilateral EFGH is similar to ABCDy and /. is also a 
parallelogram. 




XI. 12. Let ABCD be the tetrahedron, and E the middle pt. 
of CD; F2L pt. in EB such that A 

^JB = 2 -E^. Join AE,AF. 

Let one edge of the tetrahedron 
be V3 in length. 

Then, by L 47, FB-=^-^, and if G 

be the middle pt. of AB, BG= ^• 

Now the perpendicular distance 
between the two lines CD, AB is 
the shortest distance between them, 
and this distance is EG. C Fio. 599. 

Now, by I. 47, sq. on ^G^ + sq. on GB=sq. on EB ; 

.-. sq. on EG+^^^, and.-. EG^^- 




The diagonal of a square described on an edge = the edge x ^^2 = »J6; 

.'. half of this diagonal= ^~-=EG. 



198 KEY TO ELEMENTARY GEOMETRY. 



1862. VI. 1. By a well-known theorem in Modem Geometry, if in 
the A ABQ, AD, BE, CF meet in 0. 

AE.BF, CD^AF, ED. CE. 
Then (1 ) when AFiFB^CD: DB, 

we have AE : GE^AF.DB : BF. CD, 

^CD,BD:DB,CD, 
= 1:1. 
And (2) when AF:FB=BD: DC, 

we have AE : CE^AF, BD : BF. CD, 

=sq. on BD : sq. on CD. 

XL 21. This rider has been already proved in page 335, Ex. 16. 

1863. VI. 4. Let ABC he the A, AD the external bisector of A, 
BE and CF the internal bisectors of B and (f, meeting the sides in 
D, E, and F. 

A 





Then from the proposition in Modem Geometry, that if three st. 
lines AD, BE, CF cut the sides of the A ABC in D, E, F, so that 
DEF is a st. line, then AE . BF . CD^AF. BD.CE; 
and since, by VI. 3, 

CE:EA = CB:BA, 
And BF:FA^BC:CA, 
and, by VI. A., 

BD:DC=BA:AC; 

.-. the equation AE.BF. CD^ AF.BD. CE becomes 

BA.BC.AC^CA.BA. CB, an identity, 

.'. D^^ is a St. line. 

XL 17. Let ABCD be the tetrahedron, E, Fihe middle pts. of 
AD, BC respectively. Join DF, EC, EF, EB. 
Then sq. on DO+sq. on DJ5=2 (sq. on DF+sq. on FG). 

By IL 13, Ex. 
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Also, sq. on i>0 + sq. on DjB=sq. on DJSr + sq. on EQ- 2 rect. EC. En 

+ sq. on DE + sq. on EB - 2 rect. EB, Em, 
= 2sq,onDE+sq.onEG+&q.oxiEB-2TecLEC.En + 2TectEByEm, 
when n, m are the feet of ± s from D on EC and EB. 
But DC-=-AB, and i>5 = ^ C. 

.*. sq. on D(7+sq. on DB=sq. on -4-B + sq. on AC, 
= 28q.onEA + sq.onEB + sq.onEC - 2Tect.EB,Em' = 2TectECyEn', 
where m', n' are the feet of ± s from A on BE, CE produced ; also 

Em^Em\ and En=^En'. 
D 




A Fig. 6W. 

.". adding these two values of (sq. on D(7+ sq. on DB), 
2 (sq. on DC+ sq. on DB) 

= 2 (sq. on I>^+ sq. on EA + sq. on EC-\- sq. on EB), 
or, sq. on 2X7+ sq. on DB 

= 2 sq. on D^+sq. on jBC + sq. on EB (for EA=DE) ; 
.'. 2 sq. on i)^+ 2 sq. on FC=2 sq. on D^ + sq. on EC+sq. on ^5, 

=2 (sq. on D-&+ sq. on ^^+8q. on FC) ; 
.'. sq. on I>-P=sq. on Dj^+sq. on EF, 
Now DBF is a pkme, and .*., by I. 48, z DEF. is a rt. angle. 



1864. VL 23. The Os AC, BF toe to one another in the ratio 
compounded of the two ratios AB : BD and 
CB : BE, that is, the ratio AB . BC : DB . -B^; 
it is required to show that z ABC = z DBE, 

If not, let B^ be the O which is to the 
O JL in the ratio DB.BE.AB. BC, where 
.-. BB^DB and l BBE is not = z CBA, 
that is, L DBS, 

And now construct the O X>J? equiangular 
with AC, and .*. such that 

ACiDE^AB.BC :DB .BE. 
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But, by hypothesis, AC : UE^AB .BCiDB.BE; 

.*. O jyE^ O DE, that is, on the same base, and not between 
the same parallels (thouf^h on the same side of the base), two Os 
have been constructed which are equal, which is impossible. 

(I. 35, CoR.) 

Hence Os ACy BF must be equiangular. 

XI. 12. Let ABC be the given equilateral A. 
Aa, Bhy Cc are the ±s on opposite sides, meeting in 0. At 
raise a ± CD of length such that its square is twice the square on AO. 
Join AD, BD, CD, 

Then ABCD is the required tetrahedron. 
The solid is evidently symmetrical as regards 
AD, BD, and CD, and it is only necessary to 
prove that AD=AB. Now sq. on AD 
= sq. on -4 + sq. on CD, 
=sq. on AO + aq. on ^0 + sq. on AO, 
A c B ~®^* ^^ AO + sq. on OB + 2 rect. AO, Oa, 

Fio. 604. ==8q. on AB. 

. •. all the six sides of the tetrahedron are equaH, and it is regular. 

1865. VI. 19. Since A FAE : A CAE=FA ; AC, 

and A FDE : A BDE=FD : DB, 

/.£,FAEyi lBDE'.lFDEx. lCAE^FAxDB :FD^ AC; 

.'. A FAExaq. on DE .lFDE x sq. on AE=FA xDBiFDxAC; 

i.e. (since as BFA, CFD are similar) =^5 xDB:CD>cAC; 

i.e. (since as BED, CEA are similar) =^5 >^DE:CDxAE; 





Fio. 606. 

.-. A FAExDE '.:^FDExAE=AB : CD ; 
or , A ^^ ^ : A FDE^ EAxABiCDx DE. 
But AG:GD = c^FAE i^FDE ; 

.-. AG : GD=EA xABiCDx DE. 
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XI. la Through AB draw the plane Ahii'B i. to CD. 

Through AC draw the plane AcJUG ± to BB. 

Their line of intersection AN is .-. j. to CD and BJ}, i.e. AN 
is ± to the plaw BCD. 

Any plane through AN is .'. x to the plane BCD, and .'. the 
plane DAN U x to BCU. 




Join DN and produce it to meet BC in d. 

Now Cc, Bb are the xa from Cand B on opposite sides, and .■. Dd 
is the third J.. 

Hence the plane ANd has two lines in it, viz., AN and Nd, 
both ± t« BG, and .■. it cuts BC perpendiouUrlj ; 

.■. BC is X to every line in the plane ANd ; 
.: BGh± to AD. 



1866. VI. 4. Draw BO x to BC, meeting CP 
produced in 0. ThenOB=2DB. 
Now AFD, BFO are similar Aa. 
.■.AF:FB-AD:OB, 

=iAD:DE; 
.■.2AF:FB'^AD:DE. 




1867, VI. A. Let ABC be the i, right-angled at C, Aa, Aa', 
Bb, Bb', the four bLsectora, meeting the sides in a, a', b, b'. 
Then Ca : aB^CA : AB ; (VI. 3.) 

.■.Ca:CB=CA -.CA+AB. 
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Also, Ca' :a'B=-CA : AB ; 

.-. Ca':CB=GA:AB-CA, 



(VI. A.) 



Hence Ca+Ca^=aa-=0^. O.B. ( ^^^^^ + ^^_^^ ) ; 
, _ 2AB . BG , CA _ 2AB . BC . CA AC 




SimilaHy, hb'^2,AB 



AG* 
.\aa',bh'=4ABl 



XI. 21. Looking down from above on the bases of the pyramids, 
we see two figures like those here shown. 

.'. AB=2EF, 
G 




Also in the two sides (one from each pyramid) AODy EQF, we 
have AO=OD=EQ=^QF, 
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Bisect ulD injH"; join OH., Then construct the isosceles A OAK, 
having OK^ OA QXidiAK=An. (I. 23.) 

Then A A OK will be equal in every respect to 

Now z A OK is less than l A OH ; 

/. 2 1 EQF is less than ^ AOD ; A^ 

.-. sum of plane angles at Q is less than sum of ^ 

plane angles at 0. Fio. 610. 




1868. VI. 2. A BDE : A BAE=BD : BA, 

=BE:BCy 
= lBAE'.aBCA; 
.-. aBAE :aBCA=-BD : BA ; ^ a 

.'., compounding, 

A BDE : A BCA =^BD^ : 5^1 A 




Pio. 611. 



1868. XI. 11. This rider consists of two parts — (I.) To construct 
the " least angle " in question ; (II.) To find when thds " least angle " 
is greatest, and what it is. 




Pio. 612. 

(I.) Let OF be the given line in the plane YFT, let YXT be the 
other plane, intersecting the former in the line YOY \ it is required 
to draw from the line in the plane XOY, which makes the least 
angle with OF of all such lines drawn in the plane XOY. 
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Draw OZ ± to XOY ; let the plane ZOP cut the plane XOY in 
OM; from P, any pt. in OP, drop PM ± to XOF, and .*. in the 
plane ZOPj and /. meeting OM in some pt. M ; .*. z PMO is a 
right z. Draw any other line ON in the plane XOY; and draw 
PN ± to ON ; ioin MN, 

Since PJif is ± to XOY, .-. PM is ± to M2V, and /. PN is greater 
than PM. 

Now PiVO, PikfO are two right-angled as 

>^ having the same hypotenuse OP, and may .*. he 

^M inscribed in the same semicircle of diameter OP, 

and hence the angle opposite PN in A OPN itf 

'p at once seen to be greater than the angle opposite 

„ «,« PJif in A OPM ; 

Fig. 613. ^ -L". "X -» ^•^ xrx , 

.-. z POM is less than z POJV. 
.*. the least angle for a given position of OP is that which lies in 
the plane through OP ± to the plane XOY, 

(II.) Draw PQ, ML \\ to YO, to meet in Q and L respectively the 
plane ZOX, which is ± to YO ; join OQ, QL, Then QJf is a rect- 
angle, and QL=PM, Also PQO is a right angle, and .*. PO is 
greater than QO ; and MLO is a right angle, and .*. MO is greater 
than OL; .*. in the as QOL, POM, the bases QL and PJf are equal, 
but the sides QO, LO are respectively less than the sides PO, MO ; 
.'. (as may easily be deduced from I. 20) z POM is, for any position 
of PO passing through 0, less than iQOL which lies in the plane 
through ± to YOT, Now OP is in the plane YOP, and PQ is || 
to YO, .-. QO is in the plane YOP and ± to YO ; also XO is in the 
plane XOY, and ± to FO ; .*. z QOX is the angle between the two 
given planes, and is .'. seen to be the greatest of the above-mentioned 
" least angles." 



1869. XI. 20. The rider may be proved in three similar steps. 

I. Let A'BC be a plane through BG, A' being between A and I>. 
Then z ABA' + z ABC is greater than z A'BC, (XI. 20.) 

and z ^Oi' + z ^CB is greater than z A'CB, (XL 20.) 

zABC+iACB-{- L A£A' + zACA' isgreaterthan lA'BG-^^ lA'CB, 
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Now add z BAD + l CAD to both sides ; then, noting that 
L BAD + I ABA' = z BAD, and i GAD + l ACA'= l CA'D, 
L ABC+ L ACB+ L BA'D+ l CA'D is greater than 

L A'BC+ L A'CB+ L BAD+ l CAD. 
A 




B Pig. 614. C 

Add to the left-hand side z A'BC+ iA'CB+ /, BA'C=2 rt. zs, 
and to the right-hand side z ABC+ lACB+ z BAC=^2 rt. zs. 
Then cancelling like terms on both sides, 
z BA'C+ z BA'D-^L OJ'Disgreaterthan z BAC-k- z BAD+i CAD. 

II. Let A"BD be a plane through BD, A" being between A and C ; 
then, as before, 

z B^"0+ z^^"D + z 0^"i) is greater than z 5^'(7+ z B-4'D + z 0-4'D, 
and .'. a fortiori greater than z BAC-\- z BAD+ z CAD. 

III. Let OOD be a plane through CD, being between A" and B ; 
and therefore, by the construction of I. and II., within the tetrahedron. 
Then we find, as before, 

z BOC+ iBOD-h z 00i> greater than z BA^O+ z B^"i)+ z (7-4''Z), 
and .*. a fortiori greater than z BAC-\- z BAD+ z (7-4 D. 

1870. VL 15. Let 0^, OB be the fixed lines ; AFB, A'FB two 
lines cutting off equal As ^05, A' OB ; i?, ^' their middle points ; 
CED, XFY, CEU parallels to the given direction. 
Then it is required to prove that CE . ED^CE . EU. 
By similar as 

CE'.XF^AE '.AF\ ^ CE' : XF=A'E : A'F ) 
ED : FY=EB : FB ] E'U : FY^EB : FB ] ' 
.-. CE. ED : XF.FY^AE.EB : AF . FB ; 
and CE' . E'U : XF.FY^A'E . E'B ; A'F.FB ; 
.-. CE.ED'.CE'.EDf=AE.EB x A'F.FB : A'E . EB x AF. FB. 

= u4 J5r« X A'F . FF ; A:E^ . AB , B1&. 
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But, by construction, A ^2^^'= lBFB, and .*., by VI. 15, 
AF , FA'=^BF, FB, and .'. the above proportion becomes 
CE . ED : CE' . IfU = AE^ . FB'^ : A'E'^ . AF^, 
Hence the rider is true if 

AE : A'E' = AF : FB\ for then CE,ED= CE' . E'D'. 




D Y B D^ 

Fio. 615. 

Now, if ^ J^ : A'E' = AF : FB, then AE : AF=A'E' : FB ; 

.-. AE : EF^A'E' : E'F (for E'B^A'B) ; 

,\AE-'EF:AE+EF=A'B-E'F:A'E' + BF, 

that is, BF : AF:=A'F : FB, 

that is, BF.FB^AF. A'F, 

which is true, as above, by VI. 15; 

.\CE.ED=CE'.E'jy. 

XI. 7. Let ABCD be the tetrahedron, such that any two opposite 
edges are ± to each other. From A drop a ± ^iVon the plane BCDy 
meeting it in N, Join BN, and produce it to cut CD in B, 

Now *.* AN is ± to the plane BCD, .*. it is ± to CD ; but, by hypo- 
thesis, AB is ± to CD ; and the two lines AB, AN intersect, and .*. 
lie in one plane. .'. the plane in which they lie, viz., ABN, is ± to CD, 
and .-. CD is X to BNB (XI. Def. 3.), that is, BNB, CNC, DND 
are the ±s on the sides of L BCD ; .'. JV is the orthocentre of A BCD, 

Again, if a sphere pass through A, B,C, and D, the plane in which 

the A BCD lies will cut the sphere in a circle passing through B,C,D; 

Jet L be the centre of this circle, onii U), Lc, Ld. i.^ tt^in. L on CD, 
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DB, SO reepectivelj ;h,e,& being .'. the middle pts. of these sides. 
Also, by a property of the orthocentre and centre of circumscribing 
of a triangle, 'BN= 2Lb. In the plane ABN bisect BN in JIf, and 
draw MK \\ to NA; then, by VI. 2, E: is the middle pt. of BA. 

Again, the centre of the circumscribing sphere must lie in the line 
LO through L and ± to the plane BOB. Let O be the centre of the 
circumscribing sphere. Join KO. Let F be the orthocentre of the 
tetrahedron ; join Fb. Then it is required to prove tiiat KO is equal 
and parallel to Pb. 




First, to prove that KO ie 1 1 to Fb. The proof will depend on the 
following almost self-eyident proposition ; — " If two st. lines lie one 
in each of two parallel planes, and also one in each of other two 
parallel planes different from the former two, these two st. lines will 
be parallel." (See note at end of the proof.) Let O be the ortho- 
centre and J the centre of the circumscribing the d ABD ; then the 
planes KJO, COD will be ||. For .ffJ" is ± to AB, and JO is x to 
the plane ABD, and .-. x to -4B ; .-. JB is x to the plane KJO. 

And, as before, DO and CO are each x to AB, and .-. .iB is x to 
the plane CGD. Hence, by XI. 14, the planes KJO, COD are parallel 
to each other, and KO lies in the plane KJO, and Fb lies in the 
plane COD. 

Again, -.■ MK, NA are both x to the ^Itwwi BCD, ; .,\y3"£i-''','it«^ 
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are ||. Join ML^ Nb, then LN is evidently a O, and .*. ML is || to 

Nb, Hence, since KM, ML are respectively || to -4^, Nb not in the 

same plane as KM, ML, the plane KML is || to the plane ANb. 

(XI. 15.) But LO is ± to the plane BCD, as well as MK, and .'. 

KMLO is a plane, and is parallel to ANb, Now KO lies in the plane 

KML, and Fb lies in the plane ANb. Therefore, by the proposition 

enunciated above, KO and Pb are parallel. 

In the plane KMLO draw OF || to ML, meeting KM in F, 
Then FL is a O ; and LN was shown to be one also ; 

.-. OF=ML=Nb. 
Now KO is II to Pb, OF is || to Nb, and FK is || to NP, 
.'.AS KOF, PbN are similar, and they are also equal, for OF 

has been proved equal to Nb, and these are homologous sides, 

a,nd.'.KO=Pb. 

Note. — To prove the assumed proposition. Let A, B, C, D be 

four planes, ^ || to 0, and B\\io D; and let A, B intersect in P, 

and C, D intersect in Q ; and B, C intersect in X. It is required to 

prove that P is || to Q. 

By XI. 16, P is II to X ; and by the same proposition Z is || to Q, 

.-., by XL 9, P is II to Q. 

1871. VI. 2. By two well-known theoremis of Modem Geometry, 
(1.) Since AD, BE, CF meet in 0, 

AE.CD. BF^AF. BD,CE; 

A 




D B 

Fig. 617. 

(2.) Since E, F, G are in the same line, 

AE,CG.BF=^AF,BG,CE; 
.'. AE. CD.BFxAF.bg. CE=AF,BD,CEx AE.CG,BF; 

.'.CD.BG=BD.CG; 

.:BD:DC=BG:GC. 
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XL 11. Let ABCB be the tetrahedron ; DiV, QM two of the ±s 
meeting in 0. CM and BN will not meet unless the planes GBM^ 
DON coincide, that is, unless DM when produced meets CN when 
produced in one and the same point L in 
AB, Now the coincidence of these two 
planes, and the perpendicularity of AB 
to the coincident planes (for DN is x 
to AB, and CM is also ± to AB), are co- 
extensive conditions, and /. the ±s CM, 
DN will not meet unless AB be ± to 
their common plane CLD, that is, unless ^^ f 

D&-DA^=LB^-LAK This condition Fio!ci8. 

might also be expressed under the form unless CB^ - CA^==L& - LA^, 
Either of these conditions is necessary, and if the one holds the other 
must hold also. 

However, the pt. L is undetermined ; we may then use these two 
conditions to get rid of reference to the pt. L ; doing this, the condi- 
tions become the single condition CB^-CA^—DB'^-DA^, that is, 
BC^ + DA"^ =AC^ + BB\ Hence the given condition is necessary. 

It is alsa sufficient. For suppose a point L constructed for the x 
DN, and a point L' for the ± CM ; then from the condition would 

CB^-CA^=DB^-DA\ 
while from these constructions would 

CJ52 - CA'^ = L'B^ - L'A\ and DB^ - DA^ = LB^ - LA\ 
.\UB^-DA^^LB'^-LA\ 

Now, by the axiom that the whole = sum of the parts, 

:.UB^LA^LB^-LA\ 

.'.L'B-DA=LB-LA; 

.\ 2rB^2LB; 

.'. L and L' are the same point, .'. the plane CDNL coincides with 
the plane DCML', and .*. the ±s CM, DN intersect. 

Cor. I. It may be noticed that when two ±8 CM, DN intersect, 
their plane is ± to the line of intersection of the two faces to which 
each is ± ; but CD is in this plane, and AB is the line of intersection 
of these two faces. Hence, when the ±8 intersect, the opposite edges 
are perpendicular. 

Cor. II. When the ±s intersect, N is the orthocentre of the A ABC, 
M that of the A ABD. 
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1872. VI. 2. Let TGF be the ©, Nq the st line, the pt. ; 
m : n the glyen ratio. 

Draw ON ± to ^Q, cutting it in ^, 
and produce ^0 to X, so that 
0^ : OX^m : n. 
Through X draw XFF \\ to J^Q, to 
cut the © in P and F', 

Draw POQy FOQf to cut the given 
St. line in Q and (J' ; then POQ, FOQf 
are each cut by in the ratio n : m. 
N a or For XP is II to j\^g, 
Fig- «19. and .-. PO : OQ=XO : ON=^n : m. 

Hence the construction is proved when divides FQ internally in 
the given ratio. 

The annexed figure shows dividing QF externcdly in the given 
ratio. In each case there are seen to be two solutions except in the 







Q, Fig. 620. 0' N 

limiting positions, when the two coincide, 1.6. when XFF' is a 
tangent to the © . 

The next figure shows the possibility of four solutions, two internal and 
two external, when lies between the two tangents to the © , || to NQ, 
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The same reasoning holds for the cases in which lies within 
the ©. 

It may be noticed that for a given 
position of X and a given value of 
m : n, two positions of may be 
found. Thus, in this fourth figure, 
take ON : OX=m : n and two lines 
are found, of which POQ is one. 
Again, take CfX : NCf = m :n, and 
other two lines may be found, of 
which FC/Q^ is one. 

For the limits of the ratio m : n there will be three cases to con- 
sider. 

Draw CA, DB tangents || to the given line, cutting NO in A and B 
respectively. 

Case I. When lies between N and B, X must lie between B 
and Ay and .'. if we take NO : OX=m : n, we must have OX equal 
to or greater than OB, and less than or equal to OA, .*. NO : OX is 





Fig. 623. 

equal to or less than NO : OB, and greater than or equal to NO : OA, 

that is, m : n must not exceed the limits NO : OA and NO : OB. 

Case II. When lies between B and A, then as before X is also 

between B and A, and OX must be equal to or less than OB, 

or "i 
, > equal to or less than OA ; that is, m : n^NO : OX is equal to 

or ) 
or greater than NO : OB, , S equal to or greater than NO : OA \ 
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that is, m : n must not be less for external section than NO : OjB, 
and not less for internal section than NO : OA, 

Case III. When lies farther from N than A^ then OX most be 

equal to or greater than OA^ and less than or equal to OB ; that is, 

• m : n^NO : OX must be equal to or less than NO : OA, and greater 

than or equal to NO : OB ; that is, m : n must not lie beyond the 

limits NO : OA and NO : OB, 

The point might also lie on the other side of NQ from that on 
which the circle lies. This case is included in the former cases ; and 
the limits of the ratio m : n=NO lOXaieNOiOA and NO : OB. 



XI. 20. Part I. ABCD is the tetrahedron ; AB=CD; BD^CA; 
and AD is common to A s ABD, DC A ; 

/. L ABD = z ACD. (1.) 

Similarly, l ABC = z ADC, and z i>5C = z D J C. (2.) 

Now by XI. 20, any two of the zs at ^ 
are together greater than the third* Let 
zs ABD, DBC be together greater than 
z CBA, that is, by what has been proved, 
I ACD + I DAC is greater than z ADC, 
i.e. the three lb ACD, CD A, and DAC are 
together greater than 2 z CD A ; 

^ ^Q or, 2 z OD^ is less than 2 rt. zs ; 

YiQ, 624. •'• ^ CD A is less that a rt z. 

The same holds for all the other plane zs. 

Therefore each of the four triangles ABC, ACD, ADB, BCD is 
acute-angled. 

Part II. Let the four equal and similar 
acute-angled as be laid in one plane, as 
in the diagram, thus (the order of the 
letters indicating the equal sides), BDG, 
A'CD, DBA", CA"'B, 

A little consideration will show that 
this is the only possible relative position 
of the A s. For evidently the side BD of 
BDA" must lie along and coincide with 
BD of the A BDC. Suppose BD of BDA'^ were reversed, then the 
side BA^' (on an attempt to form, the tetrahedron) would have to 
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coincide with DA', to which it is not equal. Therefore this is the 
only relative position. The only condition to which the three plane 
angles containing a solid angle are subject is (XI. 20) that any two 
are together greater than the third. Now if BDG be not acute- 
angled, let BDC be the angle greater than a right z ; then z A"I)B 
is greater than a right z, and the zs EDO, DCB, i.e. zs BDC and 
CD A', are together less than a right z, and therefore less than 
z A"DB, Hence three such zs cannot enclose a solid z, and .*. the 
four equal and similar as must be acute-angled. 

When this is the case, let the as A"BD, BDC, CD A' be so placed 
that DA" coincides with DA', and sinc^ DA"=-DA', ,\ A" will 
coincide with A'; call this point A. Then we have BA, -40 in one 
plane, and .*. BC in the same plane ; and .*. BCA is a plane a , and 
BA = BA"', CA = CA"', and BC is common to the two as BCA, 
BCA'", and so a BCA'" may be made to have its sides respectively 
coinciding with the sides of a BCA, that is, BA with BA"', and CA 
with GA'", and as these sides are equal, A'" will coincide with A. 
Hence four equad and similar acute-angled triangles can be made into 
a tetrahedron. 
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Form, to be filled up by the Tutor requiring the Key. They 
cannot be supplied through Booksellers. 

ANett Price 
of the Key. 
s. a, 

5 

5 

5 

5 

5 
I 

I 

2 
I 
2 
2 
I 
1 
I 



Bennett's First I^tin Writer . 

Easy Latin Stories for Beginners 

Gepp's Arnold's Henry's First Latin Book 

Exercises in Latin Elegiac Verse 



Part IL 
Part I. 



Sidgwick's (ireek Prose Composition 
Arnold's Henry's First Latin Bqok 

Supplementary Exercises 

Second Latin Book 

First Verse Book 

Latin Verse Composition 

Longer Latin Exercises. 

Latin Prose Composition. 

First Greek Book 

Greek Prose Composition. Part I. 

Sargent and Dallin's Materials and Models for Latin Prose 

Composition. Latin Version. Sixty Selected Pieces 5 o 

Greek Prose Composition. Greek Version . ,76 

B 

I^eys to the following are sold to the Public without restriction : 



o 
o 
o 
o 
o 
o 
6 
o 
o 
o 
6 
6 
6 
6 



Arnold's First German Book 

Second German Book 

First French Book 

— First Italian Book 

First Hebrew Book . 

Smith's (J. Hamiilin) Elementary Alj^^ebra 
Arithmetic 



— Statics and Hydrostatics 

— Trigonometry 

— Latin Prose Composition 



s. 
2 

I 

2 

I 

9 
Q 
6 

7 
5 



/. 
6 

o 

6 

6 

6 





o 

6 

o 
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ENGLISH 

Select Plays of Shahspere. rugby edition. 

With Introdtiction attd Notes to each Play, Small Svo, 

As You Like It. 2s. King Lear. 2s, 6d, 

Hamlet. 2s. ed, Macbeth. 2j. 

Romeo and Juliet. 

Edited by Charles E. Moberly, M. K., formerly Scholar of Balliol 
College, Oxford, 

CoriolanuS. 2s. 6d. Edited by ROBERT Whiteiaw, M.A., Assis- 
tant-Master at Rugby School, 

The Tempest. 2s. Edited by J. SURTEES Philpotts, M.A., 
Head- Master of Bedford Grammar School, 

Crown Svo, 2s, 6d, 

The Rudiments of English Grammar and Com- 
position, By J, HAMBLiii Smith, M, A,, of Gonville and Catus 
College, and late Lecturer at St, Peter's College, Cambridge, 

Small Svo, is, 6d. 

The Beginner's Drill-book of English Grammar. 

Adapted for Middle Class and Elementary Schools. By James 
Burton, T.C.D., First English Master in the High School of the 
Liverpool Institute, 

Small Svo, 2s. 6d. 

Short Readings in English Poetry. Arranged, with oc- 

casional Notes for the use of Schools and Classes. Edited by H. A. 
Hertz. 

" It is a relief to meet with a book of poetical extracts for use in schools which is not 
annotated and arranged to serve the purposes of an examination, but is simply filled with 
such passages as are likely to give delight to the e^ and the imagination, to improve the 
taste, and to abide pleasantly m the memory. This book aims only at this modest piur- 
pose, and fulfils it well. Miss Hertz has a fine taste, and in her selection has availed 
herself of such older writers as Herrick, Donne, Shirley, and Wither, and of such 
modem writers as Browning, Matthew Arnold, Lowell, and George Eliot, to an extent 
which is unusual among the compilers of books for the young. Accordingly, her book 
possesses a fresh and distinctive character of its o>\'n, and is more likely than any similar 
collection we know to promote a genuine love for poetry and to awaken thought. The 
author appears to have tested the fitness of her own choice by presenting each extract in 
turn to the students of a class of working men and women in the Queen Square College, 
by making it the subject of conversation, and rather by invoking for it their sympathy 
and admiration, than by subjecting it to formal logical analysis. The result is a book 
specially suited for reading aloud ; singularly rich in music and in pleasing imagery ; and 
likely to be especially welcome to those teachers and parents who think it more important 
to awaken the poetic faculty, than to give dates and philological notes and second-hand 
criticisms under the name of lessons on English literature." — Academy. 
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English School-Classics, wm introducnom, andmus. 

at the end of each Book, 

Edited by FRANCIS STORR, M.A., 

CMIEF MASTER OF MODERN SUBJECTS AT MERCHANT TAYLORS* SCHOOL, LATE SCHOLAR 
OF TRINITY COLLEGE, CAMBRIDGE, AND BELL UNIVERSITY SCHOLAR. 

Small Svo, 

Thomson's Seasons : Winter, with Introdiiction to the Series, 
by the Rev. J. Franck Bright, M.A., Fell<raf of University 
College, Oxford, is. 

Cowper'S Task. By Francis Storr, M.A. 2j. 

Part I. (Book I.— The Sofa; Book If.— The Timepiece) q*/. Part II. (Book III.— 
The Garden ; Book IV.— The Winter Evening) ott. Part III. (Book V.— The Winter 
Morning Walk ; Book VI.— The Winter Walk at Noon) gd. 

Cowper'S Simple Poems, with Life of the Author. 

By Francis Storr, M.A. is, 

Scott's Lay of the Last Minstrel. Byj. Surtees Phill- 

POTTS, M.A., Head' Master of Bedford School, 2s, 6d, 

Part I. (Canto I., with Introduction, &c.) gd. Part II. (Cantos II. and III.) od. 
Part III. (Cantos IV. and V.) gd. Part IV. (fcanto VI.) gd, 

Scott's Lady of the Lake. By R. W. Taylor, M.A., J/ead- 
Master of Kelly College, Tavistock, 2s, 

Part I. (Cantos I. and II.) gd. Part II. (Cantos III. and IV.) gd. Part III. 
(Cantos V. and VI.) gd. 

Notes to Scott's Waverley. By H. w. eve, m.a, Head- 

Master of University College School, London, is., or with the Text, 
2s. 6d. 

Twenty of Bacon's Essays. By Francis Storr, m. a. is. 

Simple Poems. Edited by W. E. Mullins, M.A., Assistant- 
Master at Marlborough College, Sd, 

Selections from Worcisworth's POems. By u, u. Tur- 
ner, B.A., late Scholar of Trinity College, Cambridge, is. 

Wordsworth's Excursion : The Wanderer. By H. H. 

Turner, B.A. is. 

Milton's Paradise Lost. By Francis Storr, M.A. Book I., 
9^. Book XL, 9</. 

Milton's L' Allegro, II Penseroso, and Lycidas. By 

Edward Storr, M.A., late Scholar of New College, Oxford, u. 
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Selections from the Spectator. By Osmond airy, m.a.. 

Assistant- Master at Welti ngtmt College, is, 

Browne's Reiigio Medici. By w. P. smith, m.a., Assistatu- 

Master at Winchester College, is. 

Goldsmith's Traveller and Deserted Village. By c. 

Sankey, M.A., Head- Master of Bury St. Edmund's Grammar 
School, is. 

Extracts from Goldsmith's Vicar of Wakefield. By 

C. Sankp:y, M.a. i^-. 

Poems selected from the Works of Robert Burns. 

By A. M. Bkll, M. A., Balliol College^ Oxford. 2s. 

Macaulay's Essays. 

MOORK'S LIFK OK IJYKON. By Francis Storr, M.A. gd. 

BOSWELL'S LIFE OF JOHNSON. By Francis Storr, ■ 
• M.A. gd. 

HALLAM'S CONSTITUTIONAL IIISTOKY. By H. F. 
Boyd, late Scholar of Brasenose College, Oxford, is. 

Southey's Life of Nelson. By w. F. Mullins, m.A. 

2s. id. 

Gray's Poems. Selection from Letters, with Life ^ 

by Johnson. By Francis Storr, M.A. is. 



* * 



The General Introduction to Scries will ba/onnd in Thomson's Winter. 
OPINIONS OF TUTORS AND SCHOOLMASTERS. 



" Nothing can be better than the idea 
and the execution of the English School- 
Classics, edited by Mr. Storr. Their cheap- 
ness and excellence encourage us to the 
hope that the study of our own language, 
too long neglected in^ our schools, may 
take its proper place in our curriculum, 
and may be the means of inspiring that 
taste for literature which it is one of the 
chief objects of education to give, and 
which is apt to be lost sight of in the 
modern style of teaching (Jrcek and Latin 
Classics with a view to success in examin- 
ations."— Oscar Bkowning, M.A.t Fellow 
of Kins^s College^ Cambridge. 

" I think the plan of them is excellent ; 
and those volumes which I have used 1 



have found carefully and judiciously edited, 
neither passing over difficulties, nor pre- 
venting thought and work on the pupil's 
?art by excessive annotation." — Rev. C. B, 
luTCHiNKON, M.A., Assistant-Moster^ at 
Rugby Scliool. 

*' I think that these books are likely to 
prove most valuable. There is great variety 
m the choice of authors. The notes seem 
sensible, as far as I have been able to 
examine them, and give just enough help, 
and not too much ; and the size of each 
volume is so small, that in most cases it 
need not form more than one term's work. 
Something of the kind was greatly wanted." 
— E. E. BowKN, M.A., Master of the 
Modem Side, Harrow School. 
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HISTORY 

IViih niunerous Maps mid Plans, New Edition^ Revised, Crown Svo. 

A History of England. By the Rev. j. franck bright, m. a., 

FellcTiU of University College^ and Historical Lecturer at Balliol^ New, 
ami Unriiersity Colleges ^ Oxford ; late Master of tfie Moderti School 
at Marlborough College. 

Period I.— MEULKVAL MONARCHY: The departure of 
the Romans, to Richard III. From A. i). 449 to A.D. 1485. 
4J. 6r/. 

Period II. -PERSONAL MONARCHY : Henry VII. to 
James II. From A. i). 1485 to A. D. 1688. 5J. 

I'ERioD III.— CONSTITUTIONAL MONARCHY: WiUiam 
and Mary, to the present time. From A.D. 1689 to A.D. 1837, 
is, 6d, ^ 

Extract from Regulations for the Army Examinations^ 1 880. 

" At the competitions for the Military College, Sandhurst, the Academy, Woolwich, 
&c., the examinations in English History will bd limited to the periods a.d. 1760-1790, 
and 1 790-1 820. 

" •«• The candidates reading on the j)eriod selected should include the study of that 
part of Bright's History which treats of the period he selects." 



With Maps and Illustrations, 

A Short History of England for Schools. By 

F. York- Powell, M.A., Lecturer at Christ Church, Oxford. 

[In the Press. 

This book is intended to fill a place which is not precisely taken by any existing School 
History. Its aim will be to give a brief and correct, but as far as possible interesting, 
account of the main i>oints of importance and leading characters of each reign, as well 
as to C(mvey some notion of the chief social and domestic features of thejprindpal epochs, 
&c., and it is intended for the use of Scholars in the middle and upper Forms of Schools 
who, while they have outgrown the stage at which Primers are useful, are not yet able to 
cope with larger and more complete Histories. The want of this class of book has been 
long felt by teachers and exammers ; and while engaged in the preparation of the work, 
the Author has had the benefit of practical advice from several schoolmasters who were 
anxious for the appearance of such a book as he is here attempting to supply. 

While working on the lines of Mr. Bright's excellent History of England, to which 
this is indeed in some sort an Introduction, the Author has of course gone over the ground 
afresh, writing wherever he was able from the original authorities ; he has also by the aid 
of typical illustrations, maps, plans, tables, &c. , endeavoured as far as he could to appeal 
to the eye on behalf of a subject which should above all others be vividly pictured by 
learners if they are ever to remember or understand it. 
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Histoncdl Handbooks, Edued by oscar browning, 

M. A., Fellow of King's College^ Cambridge. 

Crown Svo. 

English History in the XlVth Century. By Charles 

H. PKAiAoN, M.A., lale Fello^u 0/ Oriel Cbllege, Oxford, y. 6d. 

The Reign of Lewis XI. jsy p. f. Willert, m.a., Fellow of 

Exeter College^ Oxford. With Map. y. 6d. 

The Roman Empire. A. d. 395-800. ^;/ a. M. Curteis, 

M.A. With Maps." $s. 6d. 

History of the English Institutions. By Philip v. 

Smith, M.A., Felloiu of King's College^ Cambridge. Second 
Edition. 3^. (id. 

History of Modern English Law. By Sir Roland Knyvet 

Wilson, Bart., M.A., lale Fellow of Kin^s College, Cambridge. 
3J. 6d. 

History of French Literature. Adapted from the French of 

M. Demogeo']', by C. Bridge. Second Edition. 3J. 6^. 



History of the Romans to the Establishment of 

Imperialism. By J. S. Reid, M.L, classical Lecturer at 
Christ's College, Cambridge. 

This work is intended to be used by the higher Forms in Public Schools, and by Junior 
Students in the Universities. It aims at exhibiting in outline the growth of the Koman 
national life in all departments. Military history will not be neglected, but attention will 
be particularly directed to>vards the political and social changes, and the development of 
law, literature, religion, art, science, and social life. Care will be taken to bring the 
whole narrative into accord with the present state of knowledge, and also to present the 
facts of Koman History is a form likely to interest the Students for whom the work is 

intended. [In preparation. 
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Historical Biographies. Edited by the Rev. m. 

Creighton, M.A., late Fellow and Tutor of Merton College, Oxford, 

With Maps and Plans. Small Svo. 
Simon de Montfort. By M. Creighton, M.A. 2s, 6d. 
The Black Prince. By Louise Creighton, 2f. 6d, 
Sir Walter Ralegh. By Louise Creighton. With Portrait 3j. 

The Duke of Wellington. By Rosamond Waite. With 
Portrait, jj. 6d. 

The Duke of Marlborough. By Louise Creighton. With 
Portrait. 3^. 6d, 

Oliver Cromwell. By F. W. Cornish, M.A. \In preparatioiu 



Crown Svo, 

A Chronological Handbook of English History. 

A Framework for Use in Class-teaching and Lecturing. By Cyril 
Ransom E, M.A., Professor of Modern Literature and History ^ 
Yorkshire College^ Leeds, and Arthur H. D. Acland, M.A., 
Christ Church, Oxford, [In the Press, 

Croiun ^0, 2s. 6d. 

Test Questions on Selected Portions of English 

Literature and History, By Thomas Miller Maguirk, 

M.A., LL.D. [Ald7u ready. 

('I'hese (juestions refer to the works in English Literature and the periods in English 
History selected by the Civil Service Commissioners for the Army Examinations to be 
be held in the year 1880.) 

Second Edition, Revised. Crown %vo, 'js. 6d, 

History of the Church under the Roman Empire, 

A.D. 30-476. By the Rev. A. D. Crake, B.A., Vicar of Haden 
Street, Ryde. 

Nnv Edition, iSmo. is, 6d, 

A History of England for Children, /^^georgedaws, 

D*D,, formerly Bishop of Peterborough, 
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SCIENCE 

Secotui Edition, Crown Svo. I2s. 6d. 

Geology for Students and General Readers. 

Physical Geology. By a. II. Green, M.A., F.G.S., Professor 
of Geology in the Yorkshire College of Science^ Leeds ; Lecturer on 
Geology at the School of Military Engineering, Chatham ; of H,M, 
Geological Survey ; sometime a Senior Fellow of Gonville and Caius 
College, Cambrulge, 

New Edition, Revised, With Illustrations, Crown Sz/o. 2s, 6d, 

An Easy Introduction to Chemistry. Edited by the 

Rev. Arthur Rigg, M.A., and Walter T. Goolden, M.A., 
Lecturer in Natural Science at Totibridge School, 

Second Edition. Crown Svo, $s, 

A Year's Botany, Adapted to Home and School Use. By 
Frances Anne Kitchener. Illustrated by the Author, 

Medium Svo, 

Notes on Building Construction. 

Arranged to meet the requirements of the syllabus of the Science 
and Art Department of the Committee of Council on Education, 
South Kensington Museum. 

•Part I.— FIRST STAGE, or ELEMENTARY COURSE. 

IVith 325 woodcuts, los, 6d. 

Part II. — COMMENCEMENT OF SECOND STAGE, or 
ADVANCED COURSE. With 277 woodcuts, los, 6d. 

Part III.— ADVANCED COURSE. With 188 ivoodcuts, 21s, 

Report on the Examination in Building Construction, held by the Science 
AND Art Department, South Kensington, in May, 1875. — " The want of a text- 
book in this subject, arranged in accordance luith the published syllabus^ attd therefore 
limiting the students and teachers to tlie prescribed course ^ has lately been well met by 
a work published by Messrs. Rivingtons, entitled * Notes on Building Construction,' 
arranged to meet tJte requirements of the Syllabus of the Scietue and Art Department 
of tlte Cotntnittee of Coutuil on Education, South Kensington. {Sigfted) 

H. C. Seddon, Major, R.E." 

yufu 18, 1875. {Instructor in Coftstruction and Estimating at the 

Scliool of Military Engineerings Chatfuim,'\ 
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MATHEMATICS 

Riulngton's Mathematical Series 

Small %vo. 3 J. Witliout Answers, 2s. 6d. 

Elementary Algebra. By j. Hamblin Smith, m.a., of 

Gonville and Cains College, and late L&:turer in Classics at St, Peters 
College, Cambruige, 

A Key to Elementary Algebra. Croitm ^vo, gj. 

Small %vo, 2s, 6d, 

Exercises on Algebra. By}, Hamblin Smith, m.a. 

(Copies may be had without the Answers.) 

Crown Svo, Ss. 6d, 

Algebra, part it. By E. j. gross, M.A., Fellinv of Gonville 
and Cains College, Cambridge, and Secretary to, the Oxford and 
Cambridge Schools Examination Board. 

Small %vo. 4J. 6d, 

Elementary Trigonometry. By j. Hamblin Smith, m.a. 

A Key to Elementary Trigonometry. Crown Svo. js, 6d. 

Crown Svo, ^s. 6d, 

Kinematics and Kinetics. By E. j. Gross, m.a. 

Crown Svo, 4s. 6d. 

Geometrical Conic Sections. By G. Richardson, m.A., 

Assistant- A/aster at ^Vinclu^ster College, and late Fellaiv of St, John^s 
College, Cambridge. 

Small Svo. y. 6d. 

A Treatise on Arithmetic. By J. Hamblin Smith, M.A. 
(Copies may be had without the Answers.) 

A Key to Arithmetic. Croivn Svo. qj. 

ing * RuleSy can be appUed to the soluUcn 
oj all classes of questions, 

*^I/ t/ieu candidates master {as they can 
easily do) the nuthod 0/ this book^ and 
apply it to tfie excellent examples which 
tfu Author Jias supplied^ and to those 
questions set frotn time to titne by the 
Central Cotntnittee^ there will bejewer 
failures at the next examination. —'Ex.- 
tract from Letter of Dr. J. A. McLrllan, 
Senior High School Inspector for Canada, 
to the ** Toronto Mail," Nov. 22, X876. 



Examination for Teachers' Cer- 
tificates : Suggestions froiM Dr. 
McLellan. — ' * / therefore recommettd all 
intending candidates to read carefully 
Hamblin Smith's Arithmetic. Some of 
this Autlwrs Works are alreatiy well and 
favourably ktiown in Ontario; tlie Arith- 
metic is one of the most valuable of the 
series. It cxplaitts and illustrates tlie 
UtUtary Method, showitig how t/te ele- 
fnentary principles of Pure sciefue, without 
beitig disguised in multitudinous perplex- 
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Small ^vo, 3J. 6d. 

Elements of Geometry. By j. Hamblin Smith, m.a. 

Containing Books I to 6, and portions of Books ii and 12, of 
Euclid, with Exercises and Notes, arranged with the Abbreviations 
admitted in the Cambridge University and Local Examinations. 
Books I and 2, limp cloth, is. 6d., may be had separately. 

Prescribed by the Council of Public Instruction for tlie use of the schools of No7>a 
Scotia; autJwrized for use in the schools of Manitoba; recommended by the University 
of Halifax^ Noz>a Scotia^ by the Council of Public Instruction^ Quebec; and autJiorized 
by the Edttcation Department^ Ontario. 

A Key to Elements of Geometry. Crmvn %vo, [Nrnv ready. 

Small %vo. 3j. 

Elementary Statics. By j. Hamblin Smith, m.a. 

Small Svo, $s. 

Elementary Hydrostatics. By j. Hamblin Smith, m.a. 

Croivn Sz'o. 6s, 

A Key to Elementary Statics and Hydrostatics. 

By J. Hamblin Smith, M.A. 

Small ^0. is. 

Book of Enunciations for Hamblin Smith's Geo- 
metry, Algebra, Trigonoinetry, Statics, and Hydro- 
statics. 

Small Sz'o, ^s. 

An Introduction to the Study of Heat. By], Hamblin 
Smith, M.A. 

Contents.— General Effects of Heat— Thermometry — Expansion of Gases — Expansion 
of Solids — Expansion of Liquids — Calorimetry — Latent Heat — Measure of Heat — 
Diffusion of Heat : Radiation — Convection — Conduction — Formation of Vapour, Dew, 
&c. ; Trade Winds, Ebullition, Papin's Diijester, Spheroidal Condition — Congelation — 
Measurement of Work — Mechanical Equivalent of Heat — Miscellaneous Exercises — 
Appendix — Index. _ 

Croivn %vo. 6s, 

The Principles of Dynamics. An Elementary Text-ix>ok 

for Science Students. By R. Wormell, D.Sc, M.A., Heaii- 
Alastcr of the City of London Middle- Class School. 

Nciv Edition, Revised. Croavn Svo. 6s. 6d, 

Arithmetic, Theoretical and Practical. By w. h. 

GiRDLESTONE, M. A., of Chn'sl's College, Cambridge. 
Also a School Edition. Small ^vo. 3^. 6d. 
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LATIN 

New Edition^ revised* Crown Svo, 3^. 6d, 

A First Latin Writer. comprising Accidence, the Easier 

Rules of Syntax illustrated by copious Examples, and progressive 

Exercises in Elementary Latin Prose, with Vocabularies. By 

George L. Bennett, M.A., Head- Master of the High School, 

Plymouth, 

A Key for the use of Tutors only. Craivn Svo, ^s. 

Contents. — Prbface— Accidknce— Exhrcires on the Syntax (270) : The Simple 
Sentence ; The Compound Sentence : Adjectival Clauses. Adverbial Clauses, Substantival 
Clauses — Latin-English Vocabulary — English-Latin Vocabulary. 

** I have prepared the ' First Latin Writer ' in the hope that it may prove helpful to 
those who agree with me that it is quite useless to attempt the difficulties of the Compound 
Sentence before the Simple Sentence has been thorougnly mastered. The Accidence and 
Syntax Rules are on the lines of the * Public School Latm Primer ;| I have attempted to 
make them easier for beginners, but little explanation has been given, as the rules'are 
put shortly in plain English. I have not been able to make the disconnected sentences 
illustrating the Syntax Rules interesting, but I hope the large collection of pieces for 
translation into Latin will prove so. Difficulties of rare occurrence have been avoided 
as much as possible." — Extract from tlie Preface, 

" The book is a perfect tnodel of -what a rative^ he fails^ of course^ to recognise. 

Latin Writer should be, and is so gradu- We cantiot speak too strongly of this little 

ated tliat from the beginning of a boj['s work^ and we say to every classical teacher, 

classical course it will serve him through- if you introduce this work into your jumor 

out till tlie etid as a text-book for Latin class, you will require no other work 

prose composition. The exercises^ too, are throughout till you come to the j^Jth or 

so interesting in themselves, attd take up sixth form, and petluips not even then, 

the different idiomatic peculiarities in The book has our unqualified approbation, 

such an easy and natural way that the We ought tovtentiott,for the S(ike of those 

pupil almost insensibly comes to be master who may think of using the work, that 

oftliem, without having them glaringly tfiere are two sets of vocabularies, which 

thrust upon him in little detached sen- obviate the necessity of having recourse to 

tences, which, when mixed up in a nar- any Latin Dictionary .'* — Schoolmaster. 

Crown Svo, 2s, 6d. 

First Latin Exercises. Being the Exercises, with Syntax 
Rules and Vocabularies, from a "First Latin Writer." By George 
L. Bennett, M.A. 

, , CroTvn Svo. is. 6d. 

Latin Accidence* From a ** First Latin Writer." By George 
L. Bennett, M.A. 

Crown Zvo. y. 6d, 

A Second Latin Writer By o. l. bennett, m.a.. Head- 

Master of the High School, Plymouth. 

This work, in continuation of the First La|in Writer, gives hints on writing Latin Prose 
for Boys about to commence the rendering of continuous passages from Engli^sh Authors 
into Latin. There is a large Collection of Exercises, graduated according to their diffi- 
culty, with Notes. 

A Key for the use of Tutors only. Cro7vn Svo. [In preparation, 
LONDON, OXFORD, AND CAMBRIDGE, 



LATIN.] EDUCATIONAL LIST. 15 



Neiv Edition, rcinsed, Crcnvn ^vo, 2s, 6il. 

Easy Latin Stories for Beginners. By o. l. bennktt, 

M.A., Head-Master of the Hi^h School, Plymouth, With Vocabu- 
laries antl Notes. Forming a First Latin Reading Book for Junior 
Forms in Schools. 

A Kky for the use of Tutors only. Crown ^vo. $s, 

" These stories are various and iiimisinj;:, Latinists we do not remember to have 

and the grammatical, geographical, and suun."— .Vc'<7/j//m«. 

historical notes on them aru, as far :iK we "We can most cordially recommend 

have tested thcni, careful and judicious." Mr. Hennett's little book to all who are en- 

Saturday Rn'int*. ^n^v^X in im^iarting a knowledge of the ele- 

** A more attractive book for very young n\ii\\\Moi\Aiva.."—7Jverpoolllr'eeklyAit>ioH, 

Small ^0, is. 4tf. 

Easy Exercises in Latin Prose. By charles bigg, d.d., 

Principal of Brighton College, 

Ntnv Edition, Crmon %vo, 2s, 6d, 

Latin Prose Exercises. For Beginners, and junior Forms of 
Schools. By R. Prowde Smith, B.A., Assistant-Master at 
Cheltenham College. 

Fourth Edition, Pezdsed. Cronon %vo. 3J. (hI. 

Progressive Exercises in Latin Elegiac Verse. 

By C. CI. Gkpp, M. a., Head-Master of King luhvard VI. School, 
Stratford-upon-Avon, 

A Key for the use of Tutors only. %vo. ^s. 

Twelfth Edition. l2mo. 2s. 

A First Verse Book. Being an Easy Introduction to the Mechan- 
ism of the. I^tin Hexameter anil Pentameter. By Thomas Ker- 
ciiEVER Arnold, M.A. 

A Key for the use of Tutors only. i2mo, is. 

Croicn St'o, ^s. 6d. 

An Elementary Latin Grammar, bvj, iiamhun smith. 

M.A., of Gonville and Caius College, and late Lecturer in Classics at 
St, Peter^s Collciic, Cambridge. 

Cnnvn %7>o, 3J. dd. 

Exercises on the Elementary Principles of Latin 

Prose Composition, with Examination I'apcrs on the Ele- 
mentary I^icis of Latin Accidence and Syntax. By J. Hamuli N 
Smith, M.A., of Cionville and Caius College, and late lecturer in 
Classics at St. JMer's College, Cambridge. 

A Key for the use of Tutors only. Cnnon Sz'o, $s. 
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Twenty-fourth Edition, i2mo, 3J. 

Henry's First Latin Book, By thomas kerchever Arnold, 

M A 

lu.^. ^ i^^Y for the use of Tutors only. u. 

A New and Revised Edition, \zmo, Jj. 

A mold's Henry 's First Latin Booli. By c a gepp, m. a., 

Head-Master of King Edward VL School^ Stratford-upon-Avon; 
Author of ^^ Progressive Exercises in Latin Elegiac Versed 

A Key for the use of Tutors only. Crown Svo. $s. 

"Whatever may be thought of this work as compsured with previous editions, the 
editor ventures to claim for it the merit of greater simplicity of arrangement. The foot- 
notes, which have been reserved mainlyr for explanations of technical words, are fewer, 
and less crowded with matter ; the familiar finger-posts exist no longer ; the subtle dis* 
tinction between numerals above the line with a curve and those without a curve has 
been abandoned ; while a glance at the Table of Contents will show that a definite plan 
has been followed in the order of the Exercises, the object being to keep in view the 
stem-formation of words. 

"The principal novelties in the present edition are the following: — References have 
been made throughout to the ' Public School Latin Primer,' the phraseology of which 
is generally adopted ; the formation of words from the Stem is taught from tne first ; the 
constructions of^the Cases and of the Verb-Noun are fully treated; the Exercises have 
been almost entirely re-written, and are longer; anecdotes, fables, &c., have been in- 
serted into the passages for translation into English ; some fifty test Exercises have been 
added ; and lastly, a General Index has been carefully compiled, by which the search for 
particular rules or constructions will be greatly facilitated." — Extract frotn the Preface, 

Contents.— Cases in Latin and English — On forming the Accusative Case — On the 
Gender of Substantives — ^The Genitive and Dative Singular — ^The Ablative Singular — 
The Plural Number — On forming Three Tenses in First Conju^tion — Accusative with 
Transitive Verb — On forming Three Tenses in Second Conju^tion — On forming Three 
Tenses in Third Conjugation— On forming Three Tenses in Fourth Conjugation — Sup- 

flementarv to the foregoing Exercises — 1 ne Passive Voice (A-verbs and E-verbs) — ^The 
'assive Voice continued (Consonant and U-yerbs, I-verbs)— On forming the Perfect, 
Pluperfect, and Future-Perfect Indicative Active. (Adjectives in -x -ns -rs)— The (Com- 
parative and Superlative of Adjectives. (Acer, Unus)— The Infinitive — The Infinitive 
continued. Sutn, Possum, Voio. (The Prolative Infinitive) — The Infinitive continued. 
Gerunds. {Personal atui Demonstrative Pro^ioupts)— The Gerundive. Gerundive Attrac- 
tion. (Dative after Agent) — The Supines. Eo. (N e—quidem)— The Participles, Peri- 
phrastic Conjugation — The Perfect and Pluperfect Passive. Deponents — ^The Accusa- 
tive and Infinitive — The Relative Pronoun. Copulative Verbs — The Reflexive Pronouns. 
ipse. Idem— The Subjunctive. Ut and Ne expressing Purpose. (Consecution of Tenses) 
— The Subjunctive continued. Ut expressing a Consequence. (Quis, qtugy guid)— The 
Imperative. AV in Prohibitions — The Indefinite Pronoun Quis — Cum (Quem). (Inter- 
rogative Sentences) — Impersonal Verbs — Apposition. Sttmmus^ Imus, etc. (Conditional 
Sentences)— The Accusative. Place. Space. Time. Double Accusative. Prepositions 




tivc continued. Place. (The Locative)— The Ablative Absolute— Ablative of the thing 
compared. Qnam in Comparison — Ablative denoting Amount of Difference. Tanto— 
quanto; eo — quo) —Translation of ''May,' * Mighty * Ought* — Ut, Ne, with Verbs of 
Fearing— Quin. Quominus — Interrogatives. Direct Questions. Indirect Questions. 
Double Questions— Some Conjunctions always found with the Subjunctive — Qm with 
the Subjunctive — Transitive and Intransitive Verbs— Various uses of Qui — Either— or. 
Whether — or — Participial Constructions — Conjunctions. 

Memorabilia — Supplementary Exercises {65-112) — Differences of Idiom — Table of 
Synonymes— Questions on Syntax — Appendix — Vocabulary I., English-Latin — ^Vocabu- 
lairy 11., Latin-English— (Jeneral Index. 
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Eighteenth Edition. Svo, 6s, 6d, 

A Practical Introduction to Latin Prose Com- 
position, By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only, is, 6d, 
A Neii* and Revised Edition, &'<?. 

Arnold's Practical Introduction to Latin Prose 

Composition, By George G. Bradley, M.A., Master of 
University College, Oxford, and late Head-Master of Marlborough 
College, [In preparation, 

A Key for the use of Tutors only. 

Craivn %vo. On a card, 9^/. 

Elementary Rules of Latin Pronunciation. By 

Arthur Holmes, M.A., late Senior Fello-M and Dean of Clare 
College, Cambridge, 

Craion Sz'o, 

The ^neid of Vergil. Edited, with Azotes at the end, by Francis 
Storr, M.A., Chief-Master of Modern Subjects at Merchant Taylor* s 
School, 

Books I. and II. 2s. 6d, Books XI. and XII. 2s, 6d. 

Books III. and IV. in preparation. 

Small Svo, is. 6d, 

Virgil, GeOrgiCS. book IV. Edited, with Ufe, Notes, Voca- 
bitlary, and Index, by C. G. Gepp, M.A., Head-Master of King 
Edward VI, School^ Stratford-upon-Avon, and Editor of ^^ Arnold s 
Henrys First Latin Book,^^ revised edition. 

New and Revised Edition, Crozun Zvo, 3J. 6d, 

Stories from Ovid in Elegiac Verse, with Notes for 

School Use and Marginal References to the Public School Latin 
Primer. . By R. W. Taylor, M.A., Head- Master of Kelly College, 
Tavistock, and late Fellow of St. John^s College, Cambridge, 

l2mo, 2s, 6d, 

Cicero de Senectute, with Introduction and Notes. 

Forming a Volume of Arnold's School Classics. 
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Small Svo, 3^. 6d, 

CcBsar. De Bello Gallico. books l-iii. Edited, wha 

Preface, Introductions, Maps, Plans, Grammatical, Historical, and 
Geographical Notes, Indices, Graminatical Appendices, <Sr»f., by^, H. 
Merryweather, M.A., and C. C. Tancock, M.A., Assistant^ 
Masters at Charterhouse. 

Book I. separately. 2s. 



Small Sz'o, 2s. 

Cicero de Amicitia- Edited, wUh Notes and an Introduction, by 
Arthur Sidgwick, M.A., Lecturer at Corpus Christi College, 
Oxford; late Assistant- Master at Rugby School, and Felloriv of Trinity 
College, Cambridge, 

Contents. — Introduction: Time and Circumstances— Dedication — Scheme of the 
Dialogue — Chanicters of the Dialogues : The Scipionic Circle— Pedigree of the Scipios — 
Conspectus of the Dialogue — Analysis. Laelius De Amiciti& — Notes — Scheme of the 
Subjunctive — Notes on the Readings — Indices. 

just tJie ivork to be placed in a yoitng stu' 
dent's hands for translatiofi and retrans- 
lation; a fid Mr. Sidgivicf^s explanatory 
and illustrative notes are calculated to fix 
its matter in the memory . . . . We can 
strongly recommeytd this in every respect 
ti H'Ufurnishcd cditioft ." 

Saturday Review. 



" J^o volume on our list is more valuable 
iJian Mr. Sidg^uick's edition of Cicero s 
treatise * De Amicitia,' prefaced by a re- 
vie^u of the circumstances and sclieme and 
interlocutors of the dialogue ^ a conspectus 
and afuilysis oftlie same^ and an excellent 
appendix on the scheme of t lie subjunctive ^ 
ivhick cannot fail to be useful to school- 
boys and studetiis. The ' De Amicitia ' is 



Gradatim. An Easy Translation Book for Beginners. By H. R. 
Heatley, M. a,, A'eble College, Oxford; andH. N. Kingdon, B.A., 
late Scholar of Corpus Christi College, Cambridge ; Assistant- Masters 
at Hillbrffiv School, Rugby, 

The aim of this book is to provide translation for boys immediately on beginning Latin. 
With this view care will be taken that the beginner shall encounter no difficulty of Gram- 
mar or Syntax without due warning. j-/,^ preparation. 

Sz'o. On a card, is. 

Outlines of Latin Sentence Construction. By e. d. 

Mansfield, M.A., Assistant- Master at Clifton College. 
Second Edition. Cro7vn Svo. *]s. 6d, 

Classical Examination Papers. Edited, with Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltenham College. 

Or, interleaved with writing-paper, half-bound, los. 6d, 



LONDON^ OXFORD, AND CAMBRIDGE, 



LATIN.] EDUCATIONAL LIST. 19 
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New EdiHont re-arranged^ with fresh Pieces and additional References, 

Crown %vo, 6s, 6d, 

Materials and Models for Latin Prose Composition. 

Selected and arranged by ] . Y. Sargent, M.A., Fellow and Tutor 
of Hertford College, Oxford^ and T, F. Dallin, M.A., Tutor, late 
FelloTM of Queen^s College, Oxfo7'd, 

Crown Svo, $s, 

Latin Version. (60) Selected Pieces from Materials and 

Models, By], Y. Sargent, M.A. 
May be had by Tutors only, on direct application to the Publishers. 

Small Svo, 2s. 

Selections from Liuy. books vm. and ix. with 

• Notes and Map. By E. Calvert, LL.D., St. John^s College, 

Cambridge ; and R. Saward, M.A., Fellmu of St. JoluCs College, 
Cambridge; Assistant-Master at Shrewsbury School. 

Fourteenth Edition, Rroiscd, i2mo. 2s. 6d. 

EclogCB OuidianOe, From the Elegiac Poems. With English 
Notes. By Thomas Kerchever Arnold, M.A. 

Fifth Edition. i2mo. 4s, 

Cornelius NepOS. with critical Questions and Answers, and an 
Imitative Exercise on each Chapter. By T. K. Arnold, M.A. 

Croaun Svo. 

Terenti ComCBCliCB. Edited by T. L. Paiillon, M.A., Fellcnu 
of Neiv College, Oxford. 

ANDRIA ET EUNUCIIUS. With Introduction on Prosody. 4^. 6d. 
Or separately, ANDRIA. With Introduction on Prosody. 3^. 6^. 
EUNUCHUS. 3J. 

Secoftd Edition. Cro7vn Svo, $s. 

Juuenalis Satirce. thirteen satires. Edited by g. 

A. SiMCOX, M.A., Felloiv of Queen's College, Oxford. 
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Crown tmo, ^. t>d, 

PerSii SatirW. Edited by a. Pretor, M. a., oJ TrinHy COlege, 
Cambridge, 

Ctonvn Svo. 7/. 6d, 

Horati Opera. By J. M. Marshall, M.A., Under-Master at 
Dulwuh College, 

Vol. I.— the ODES, CARMEN SECULARE, and EPODES. 
Also separately, THE ODES. Books I. to IV. is. 6d, each. 

Crown S^o. 

Tacit i HistOnCB. Edited by W. H. Simcox, M.A., Fell<m of 
Quetn*s College, Oxford, 

Hooks I. and II., dr. Books IH., IV., and V., 6j. 
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Second Edition^ Revised, Crowfi Svo. 2s, 6d, 

A Primer of Greek Accidence for the Use of 

Schools, By Evelyn Abbott, M. A., LL.D., Fdlow and Tutor 
of BcUliol College^ Oxford; andY., D. Mansfield, M.A., Assistant- 
Master at ClQton College, With a Preface by John Percival, 
M.A., LL.D., President of THnity College, Oxford; late Head* 
Master of Clifton College, 

"A glance at the book will show that the Editors, remembering how important it is 
that the early training should run on the same lines as the higher studies that are to 
follow, have kept steadily in view its preparatory character. They have at the same 
time bestowed much pains on making it as clear and intelligible as possible, whilst they 
have given special promuience to the laws that regulate the changes of sound. The 
learner's attention is also specially drawn to the Stem-theory, particularly in dea]inj2[ with 
the various parts of the Verb, and their relation to each other, and in the classification of 
the Irregular Verbs." — Extract fr<nn the Preface. 

Crown 8z/^. 

A Primer of Greek Syntax. By the same Eduors. 

[Nearly ready. 
Crown Sz/o, 

A Practical Greek Mettiod for Beginners. Being a 

Graduated application of Grammar to Translation and Composition. 
ByY, Ritchie, M.A., atid E. H. Moore, M.A., Assistant-Masters 
at the High School^ Plymouth, 

The aim of this book, which is at once a Grammar and Exercise Book, is to secure an 
uniform method of teaching Grammar, and to afford abundant practice in inflexion, &c., 
at the time that the Grammar is being learnt. 

Part I. contains the Substantives, Adjectives, Pronouns, and Regular Pure Verbs, with 
exercises (English-Greek and Greek-English), introducing the main rules of Syntax of 
the Simple Sentence. [Nearly ready. 

Part II. will contain the remaining Classes of Regular and Irregular Verbs, wth Con- 
secutive Pieces for Translation, introducing progressively the Syntax of the Compound 
Sentence. 

A First Greek Writer. By Arthur Sidgwick, M.A., Lecturer 
at Corpus Christi College, Oxford, late Assistant' Master at Rugby 
School, and Fellow of Trinity College, Cambridge, rj^ ifreMraiion^ 

Second Edition, Revised, Crowti Sz/o, ^s. 

An Introduction to Greek Prose Composition, with 

Exercises. By Arthur Sidgwick, M.A. 

A Key for the use of Tutors only. 5 j. 
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Crown ^0. 4J. 6d, 

Elements of Greek Accidence. By evelyn abbott, 

M.A., LL.D., Fellow atid Tutor of BcUliol College^ Oxford, 

Crown Svo. 4s. 6d. 

An Elementary Greek Grammar. By j. hamblin 

Smith, M.A., of GofwUle and Caius College^ Oftd laU Lecturer in 
Classics at St. Peter's College, Cambridge. 

Crown Svo. gd. 

A Short Greek Syntax. Extracted from "xenophon's 

ANAiiAsrs, WITH Notes." By R. W. Taylor, M.A., Head-Master 
of Kelly College, Tavistock. 

Thirteefith Edition. %vo. 5j. dd. 

A Practical Introduction to Greek Prose Com- 
position. -^^ Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only. i2mo, is. 6d. 
A New and Revised Edition. Svo. 

Arnold's Practical Introduction to Greek Prose 

Composition. By Evelyn Auboti', M.A., LL.D., Fellow and 
Tutor of Balliol College, Oxford. [In the Press. 

Sixth Edition. i2f/io. ^s. 

The First Greek Book. On the plan of Benr/s First Latin 
Book. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only. is. 6d. 
Ninth Edition. Sfvo. $s. 6d. 

A Practical Introduction to Greek Accidence. 

By Thomas Kerchever Arnold, M.A. 

A Nd7o and Revised Edition. 

Arnold's First Greek Book. By francis david morice, 

M.A., Assistant-Master at Rugby School, and Fellow of Queen* s 
College, Oxford. [In preparation. 
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Second Edition Revised. Small Svo, is. 6d, 

Zeugma ; or, Greek Steps from Primer to Author. 

By the Rev. Lancelot Sanderson, M.A., Prbidpal of Elstree 
School, late Scholar of Clare College, Cambridge ; and the Rev. F. B. 
Firman, M.A., Assistant- Master at Elstree School, late Scholar of 
Jesus College, Cambridge. 

Second Edition. Crown Svo. *js. 6d. 

Classical Examination Papers. Edited, with Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltefihan College, 

Or interleaved with writing-paper, half-bound, los, 6d. 

Second Edition, containing Fresh Pieces and additional References. 

Croivn Svo. ^s. 

Materials and Models for Greek Prose Com^ 

position. Selected and arranged by J. Y. S ARGENT, M. A., Fellmu 
and Tutor of Hertford College, Oxford; andT. F. Dallin, M.A., 
Tutor, late Fellaiv, of Queeti^s College, Oxford. 

Crcnvn Svo. *]s. 6d. 

Greek Version of Selected Pieces from Materials 

and lUodels^ By j. y. sarcjent, m.a. 

May be had by Tutors only, on direct application to the Publishers. 

Crotvn Svo. 2s. 

I option : An Introduction to the Art of Writing 

Greek Iambic Verses. By the writer of ''Nnces'' and 

'' Lncrctilis.'' 

Cnnvn Svo. \s. 6d. 

Stories from Herodotus. The Tales of Rhampsinitus and Poly- 
crates, and the Rattle of Marathon and the Alcmaeonidae. In Attic 
Greek. Edited hy]. SuRTEES Phillpotts, M.A., Head- Master oj 
Bedford Gravimar School. 

Second Edition. Small Svo. y. dd. 

Selections from Lucians with English Notes, ^j/evelyn 

Abbott, M.A., LL.1)., Fellow and Tutor of Balliol College, Oxford. 
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Small ^0. is, 6d» each. 

Scenes from Greek Plays, rugby edition. 

Abridged attd adapted for the use of Schools^ by Arthur Sidgwick, 
M.A., Lecturer at Corpus Christi College^ Oxford^ IcUi AssistafU' 
Master at Rugby School, and Fellow of Trinity College, Cambridge, 

Aristophanes. 

THE CLOUDS. THE FROGS. THE KNIGHTS. PLUTUS. 

Euripides. 

IPHIGENIA IN TAURIS. THE CYCLOPS. ION* 
ELECTRA. ALCESTIS. BACCH^. HECUBA. 



Second Edition. Crown ^o. y, 6d, 

Stories in Attic Greeti. Forming a Greek Reading Book for 
the use of Junior Forms in Schools. JVith Notes and Vocabulary. 
By Rev. Francis David Morice, M.A., AssistatU-Mcuter at 
Rugby School, and Fellow^ of Queeti's College, Oxford. 

Contents. — Hints to Beginners — How to look out words in a Vocabulary — Stems- 
Augments — Temporal Augment.s-^Compound Verbs — Changes of Prejwsitions in Com- 
pound Verbs — Special Irregularities— List of Changes of Prepositions in Composition- 
Hints on Construing — Structure of Sentences — Conjunctions, &c. — Stops — Pronouns- 
Articles : (i) Marking subject. (2) Words placed between Article and Noun. (3) Repeti- 
tion of Article. (4) Article with a Participle. (5) Article equivalent to a Possessive Fro- 
noun. (6) Article with Infinitive— 250 Stories — Notes — Index to Stories — Vocabulary of 
Proper Names— General Vocabulary. 

Second Edition, Crown ^0. 

The Anabasis of XenOphon. Edited, with Preface, intro- 
duction. Historical Sketch, Itinerary, Syntax Rules, Notes, Indices, 
Vocabularies, and Maps, by R. W. Taylor, M.A., Head- Master of 
Kelly College, Tavistock, and late Fellow of St. John^s College, Cam- 
bridge, 

Books I. and II. 3J. 6^. Books III. and IV. 3^. 6e/. 
Also separately, Book I., 2,s. dd. ; Book II., 2j. 

Crown %vo, 2s. 6d. 

XenOphon'S AgeSilaUS. EdUetl, imth syntax RuUs, and Refer- 
ences, Notes and Indices, by R. W. Taylor, M.A. \Just ready. 

Sntall Svo, 2s. 

Xenophon's Memorabilia, book l, with a few omissions. 

Edited, with an Introduction and Notes, by the Rev. C. E. Moberly, 
formerly Scholar of BcUliol College, Oxford. 
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Small 8z/(7. 2s. 

Alexander the Great in the Punjaub. Adapted from 

Arrian, Book V. An Easy Greek Reading Book. Ediled, with 
Notes and a Map^ by the Rev. Charles E. Moberly, M.A., 
formerly Scholar of ISalliol College, Oxford. 

Small Svo. 

Homer's Iliad, Edited, wUh Notes at the end for the Use of Junior 
Students, by Arthur Siikiwick, M.A., Lecturer at Corpus Christi 
College, Oxford ; late Assistant- Master at Rugby School, and J'ellow 
of Trinity College, Cambridge, 

Books I. and II. 2s. 6d. 

Contents. — Preface— Introduction— The Language of Homer — ^The Dialect — Forms 
— Syntax — General Text, Books I. and II. — Notes — Indices. 

Books III. and IV. [In preparation.'\ Book XXII. \s. (>d. 

Small Svo. 2s. 

Homer without a Lexicon, for Beginners, iliad, 

Bocjk VI. Edited, with Notes giving the meanings of all the less 
commojt words, by]. Surtees Phillpotts, M.A., Head- Master of 
Bedford Grammar School. 

Fifth Edition. i2mo. 3 J. 6d. 

Homer for Beginners, iliad, books i.-iii. with EngUsh 

Notes. By Thomas Kerchever Arnold, M.A. 

Fifth Edition. i2mo, I2s, 

The Iliad of Homer, with English- Notes and Grammatical 
References. By Thomas Kerchever Arnold, M.A. 

Crown Svo. 6s. 

The Iliad of Homer, books I.-XII. From the Text of Din- 
dorf. With Preface and Notes. By S. H. Reynolds, M.A., late 
Felloiv and Tutor of Brasenose College, Oxford, 

New Edition. i2mo. gs, 

A Complete Greek and English Lexicon for 

the Poems of Homer and the Homeridce, ByG, 

Cu. Crusius. Translated from the German. Edited by T. K. 
Arnold, M.A. 
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%vo. 1 6 J. 

Hellenica. A Collection of Essays on Greek Poetry, 
Philosophy, History, and Religion, Edited by Evelyn 

Abbott, M.A., LL.D., Fello-zu attd Tutor of Balliol College^ Oxford. 

Contents. — Aeschylus. E. Myers, m.a. — The Theology and Ethics of Sophocles. 
E. Abbott, M.A., LL.D. — System of Education in Plato's Republics. R. L. Nettleship. 
M. A.— Aristotle's Conception of the State. A. C. Bradley, m.a. — Epicurus, W, L. 
Courtney, M.A.—The Speeches of Thucydides. R. C. Jebb, m.a.,ll.d.— Xenophon. H G. 
Dakyns, m.a. — Polybius. J. L. S. Davidson, m.a. — Greek Oracles. F. W. H. Myers, m.a. 

%vo. 

The Antiquities of Greece. Translated from the German of 
G. F. ScHOEMANN. By E. G. Hardy, M. A., Head-Master of the 
Grammar School, Granthafn, and late Fellow of yesus College^ Oxford; 
and}. S. Mann, M.A., Fellow of Trinity College^ Oxford, 

Vol. I.— the STATE. i8.f. 

Crown Svo. 

Herodoti HistOria. Edited by H. G. woods, m.a., Fellow and 
Tutor of Trinity College, Oxford. 

Book I. dr. Book II. 5s. 

Crown Svo, 4s. 6d. 

Isocratis Orationes. ad demonicum et panegyricus. 

Edited by John Edwin Sandys, M.A., Fellozv and Tutor of St. 
John^s College, Cambridge, and Public Orator of the University, 

i2mo. 

Demosthenes, EdUed, with English Notes and Grammatical 
References, by Thomas Kerchever Arnold, M.A. 

OLYNTHIAC ORATIONS. Third Edition, 3^. 
PHILIPPIC ORATIONS. Third Edition, 4^. 
ORATION ON THE CROWN. Second Edition, 4J. 6d. 

Crown Svo. $s, 

Demosthenis Orationes Priuatce. de corona. 

Edited by Arthur Holmes, M.A., late Senior Fellow and Dean 
of Clare College, Cambridge, 

Crown Svo, 

Demosthenis Orationes Publicce. Edited by g. h. 

Heslop, M.A., late Fellaiv and Assistant' Tutor of Queen's College, 
Oxford ; Nead- Master of St. Bees. 

OLYNTHIACS, 2s.()d.) • n \T 1 aj 

PHILIPPICS, 3s. \ °'' ^^ ^"^ V°^"™^' 4^- ^' 

DE FALSA LEGATIONE, 6s, 
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Second Edition^ Revised and Enlarged. Crown Svo, los, 6d, 

An Introduction to Aristotle's Ethics, books l-iv. 

(Book X., c. vi.-ix. in an Appendix). With a Continuous Analysis 
and Notes. Intended for the use of Beginners ar.d Junior Students. 
By theK^s. Edward MooRE, B.D., Principal 0/ St, Edmund I Jail, 
and late Eellow and Tutor of Queen^s College, Oxford, 

Small Svo. 4s, 6d, 

Aristotelis Ethica Nicomachea. Edidit, emendavit, 

crebrisque locis parallelis e libro ipso, aliisque ejusdem Auctoris 
scriptis, illustravit Jacobus E. T. Rogers, M.A. 

Interleaved with writing-paper, half- bound. 6s, 

Second Edition. Crown Svo. Jj. 6^/. 

Selections from Aristotle's Organon. Edited i^y jonn 

R. Magrath, D.D., Provost of Quern's College, Oxford. 

i2mo. 

Sophocles. Edited by T. K. Arnold, M.A., Archdeacon Paul, 
and Henry Brown, M.A. 
AJAX. 3J. PHILOCTETES. 3J. 

OEDIPUS TYRANNUS. 4f. 

Crown Svo. 

Sop hod is TragoBclicB, Edited by r. c. jebb, m.a., ll.d., 

Professor of Greek at the University of Glasgoiu, late Fellow and 
Tutor of Trinity Colles^e, Cambridge, 
EI.ECTRA. 3^. ed. AJAX. 3J. 6d, 

Crown Svo. 

Aristophanis Comoeclice. Edited by w. c. green, m.a., 

late Fellaiu of Kings College, Cambridge; Assistant - Master at 
Rugby School. 

THE ACHARNIANS and THE KNIGHTS. 4J. 

THE CLOUDS. 3J. dd, THE WASPS, 3J. 6^. 

THE ACHARNIANS and THE KNIGHTS, Revised for 

Schools. \s. 

Crown Svo, 6j. 

Thucydidis Historia, books i. and ii. Edited by charles 

Bi(;o, D.D., late Sefiior Student and Tutor of Christ Church, 
Oxford ; Principal of Brighton College. 

Crown Svo, 6s, 

Thucydidis Historia. books hi. and iv. Edued by g. a. 

SiMcox, M.A., Fellaiv of Queen^s College, Oxford, 
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Fifth Edition, Svo. 2is. 

A Copious Phraseological English-Greek Lexicon. 

Founded on a work prepared by J. W. Fradersdorff, Ph.D., late 
Professor of Modem Languages^ Queen^s College^ Belfast. Revised^ 
Enlarged, and Improved by Thomas Kerchever Arnold, M. A., 
and Henry Browne, M.A. 

Second Edition. Imperial i6mo. Ss. 6d, 

Maduig's Syntax of the Greek Language, espe- 
cially of the Attic Dialect For the use of Schools. 
Edited by Thomas Kerchever Arnold, M.A. 

Recommended by the Cambridge Board of Classical Studies for the 
Classical Tripos. 

Crown Sfvo. 4s. 6d. 

Notes on the Greek Text of the Acts of the 

Apostles* By J. Hambun Smith, M. A., of Gonville and Caius 
College, Cambridge. 

New Edition. 4 vols, Svo. 102s. 

The Greek Testament with a critically Revised Text ; a 
Digest of Various Readings ; Marginal References to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical 
Commentary. For the use of Theological Students and Ministers. 
By Henry Alford, D.D., late Dean of Canterbury. 

The Volumes are sold separately, as follows : — 

Vol. I.— THE FOUR GOSPELS. 28^. 
Vol. II.— ACTS TO 2 CORINTHIANS. 24J. 
Vol. III.— GALATIANS TO PHILEMON. \%s. 
Vol. IV.— HEBREWS TO REVELATION. 32^. 

New Edition, 2 vols, Ifnperial Svo, 60s. 

The Greek Testament with Notes, introductions, and 

Index. ^/ Chr. Wordsworth, D.D., Bishop of Lincoln. 

The Parts may be had separately, as follows : — 

' THE GOSPELS. i6j. 
THE ACTS. 8j. 
St. PAUL'S EPISTLES. 23^'. 
GENERAL EPISTLES, REVELATION, and INDEX. i6j. 

Crown Svo. 6s, 

Notes on the Gospel According to S. Luke. 

By the Rev. Arthur Carr, M. A., Assistant- Master at Wellington 
College^ late Fellow of Oriel College ^ Oxford. 
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CATENA CLASSICORUM 

Croivn Svo, 

Aristophanis Comoediae. ^^^ w. c. Green, m.a. 

THE ACHARNIANS AND THE KNIGHTS. 4s. 

THE WASPS. 3s. 6ci, THE CLOUDS. 3^. 6e/. 

An Edition of The Acharnians and the Knights, revised and especially adapted 
for use in Schools. 4^. 

Demosthenis Orationes Publicae, By G. H. Heslop, m.a. 

THE OLYNTHIACS. 2s. 6d, \ • r^ v 1 . a^ 

THE PHILIPPICS. 3.. 1 °'' '"^ ^"^ ^^^^'"^^ 4^- ^' 

DE FALSA LEGATIONE. 6s, 

Demosthenis Orationes Privatae. de corona. By 

Arthur Holmes, M.A. 5^. 

Herodoti Historia. By H. G. Woods, M.A. 

Book I., 6s. Book II., 5^. 

Homeri Ilias. By S. H. Reynolds, M.A. 

Books I.-XII. 6s. 

Horati Opera. By J. M. Marshall, M.A. 
Vol. I.— the ODES, CARMEN SECULARE, & EPODES. 7^. 6(/. 
THE ODES. Books I. to IV. separately, i.f. 6d. each. 

Isocratis Orationes. addemonicumetpanegyricus. 

Byjonyi Edwin Sandys, M.A. 4J. 6d. 

Juvenalis Satirae. By G. A. Simcox, m.a. sj. 
Persii Satirae. By A. Pretor, m.a. 3^. 6d. 
Sophoclis Tragoediae. By R. C. Jebb, m.a. 

THE ELECTRA. y. 6d. THE AJAX. 3^. 6d, 

Taciti Historiae. By W. H. Simcox, M.A. 

Books I. and II., 6s. Books III. IV. and V., 6s, 

Terenti Comoediae. andria and eunuchus. with 

Introduction on Prosody. By T. L. Papillon, M.A. 4?. 6d. 

Or separately. 
ANDRIA. With Introduction on Prosody. 3^. 6d. 
EUNUCHUS. y. 

Thucydidis Historia. Books I. and II. By Charles Bigg, 
D.D. 6s. 

Thucydidis Historia. books IIL and IV. By G. A. Simcox, 
M. A. 6s. 
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DIVINITY 

Manuals of Religious Instruction. Edited by 

JOHN PILKINGTON NORRIS, B.D., 

CANON OF BRISTOL, VICAR OP S. MARY REDCLIFFE, AND EXAMINING CHAPLAIN TO 

THE BISHOP OF MANCHESTER. 

Three Volumes, Small Svo, y, 6d, each. 
Or each Book in Five Parts, is, each Fart, 

The Old Testament- BytheK^y. E. I. Gregory, M.A., Vicar 
of HcUberton, 

The New Testament. By c. T. Winter. 

The Prayer Book. By John Pilkington Norris, b.d., 

Canon of Bristol^ ^c. 



Cheap Edition, Small Svo, is, 6(f, each. 

Keys to Christian Knowledge, ^^j.h. blunt. 

M. A., Editor of the ^^ Annotated Book of Common Frayer." 



The Holy Bible. 
The Book of Common 
Prayer- 



The Church Catechism. 
Church History, Ancient. 
ChurchHistory,Modern. 



By ]oiiii Pilkington Norris, B.D., Canon of Bristol, 

The Four Gospels. | The Acts of the Apostles- 



iSmo. is, 6d, 

Easy Lessons Addressed to Candidates for Con- 
firmation, By John Pilkington Norris, B.D., Canon of 

Bristol : Vicar of S. Alary Redcliffe, and Examining Chaplain to 
the Bishop of Manchester, 
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New Edition. Small Svo, is. 6d. 

A Manual of Confirmation, with a Pastoril Letter instruct- 
ing Catechumens how to prepare themselves for their First Com- 
munion. By Edward Meyrick Goulburn, D.D., Dean of 

No7'7uick. 

Second Edition. iSmo. is. 6d. 

The Way of Life. a BooU of Prayers and Instruction for the 
Young at School. With a Preparation for Holy Communion. 
Compiled by a Priest. Edited by the Rev. T. T. Carter, M.A., 
Rector of Clewer, Berks. 

New Edition^ printed in large type. Crown Svo. 3J. 6d. 

The Christian Year: Thoughts in Verse for the Sundays and 
Holydays throughout the Year. 

Also New Editions, elegantly printed with red borders. Small 
8vo, 5s. ; i6mo, 2s. 6d. Cheap Edition, without the red borders, 
i6mo, cloth limp, is., or in paper cover, 6d. ; 32mo, cloth limp, 6d. ; 
cloth extra, is. . 

Crown i6mo. Cloth limp. is. 6d. 

A Manual of Devotion, chiefly for the Use of 

Schoolboys. By William Baker, D.D., Head- Master of Mer- 
chant Taylors' School, l^ith Preface by], R. Woodford, D.D., 
Lord Bishop of Ely. 

New Edition. Small Svo. ^s. 6d. 

Household Theology, a Handbook of Religious Information 
respecting the Holy Bible, the Prayer Book, the Church, the 
Ministry, Divine Worship, the Creeds, &c. &c. By John Henry 
Blunt, M. A., F.S. A., Editor of " The Annotated Book of Common 

Prayer" vSr*f. dr»<r. 
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GERMAN 

Neiu Edition^ Revised. 4/^. 3^. 6d. 

A German Accidence for the Use of Schools. By 

J. W. J. Vecqueray, Assistant- Master at Rugby School. 

Crown Svo. 2s,' 

First German Exercises. Adapted to Vecquemy's "German 
Accidence for the Use of Schools." By jfc. F. Grenfell, M.A., 
late Assistant-Master at Rugby School. 

Cro7un Svo. 2s. 6d, 

German Exercises. Part II. with Hints for the Translation 

of English Prepositions into German. Adapted to Vecqueray's 
"German Accidence for the Use of Schools." By E. F. Grenfell, 
M. A., late Assistant- Master at Rugby School. 

Crown Sz/o. 4s. 6d. 

Selections from Hauff's Stories, a Fi^t German 

Reading Book. Edited by W. E. Mullins, M. A. , Assistant- Master 
at Marlborough College, and F. Storr, M. A., Chief- Master of Modem 
Subjects in Merchant Taylor^ School, 

Contents. — Preface— Kalif Stork — The Phantom Crew— The Amputated Hand — 
The Rescue of Fatima — Little Mudj —The False Prince — ^Vocabulary to the First Four 
Stories — Translation of the last Two Stories — Index of Words. 

Eighth Edition. i2mo. $s. 6d. 

The First German Book. By t. k. Arnold, m.a., and 

J. W. Fradersdorff, Ph.D. Key, 2s. 6d. 

Crown %roo. 2s. 6d. 

LeSSing'S Fables. Arranged in order of difficulty. A First 
Crerman Reading Book. By F. Storr, M.A., Chief- Master of 
Modern Subjects in Merchant Taylors^ School, and late Assistant- 
Master in Marlborough College. 
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FRENCH 

WUh MapSk Crown Svo. 

The Campaigns of Napoleon, t/u Text (in French) /rom 

M. Thiers* ** Ilistoire de la Revolution Franfaise,** and ** Bistoire 
du. Consulat et de I* Empire J* Edited^ with English Notes ^ for the 
use of Schools i by Edward E. Bo wen, M.A., Master of the Modem 
Side^ Harrow School, 

ARCOLA. 4J. 6d. MARENGO. 4j. 6d. 

JENA. 3J. 6d. WATERLOO, dr. 

Crown Svo, y, 6d, each^ 

Selections from Modern French Authors. Edued, 

with English Notes attd Introductory Notice^ by Henri Van Laun, 
Translator of Taine^s History of English Literature. 

HONORii DE BALZAC. H. A. TAINE. 

Small Svo. 2s» 

La Fontaine's Fables, books l and n. Edited, wuh 

English Notes at the end, by Rev. P. BowDEN - Smith, M.A., 
Assistant- Master at Rugby School, 

Sixth Edition, i2mo, $s, 6d, 

The First French Book. By t. k. Arnold, m.a. 

Key, 2s, 6d, 
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MISCELLANEOUS 

Modern Geography for the Use of Schools, part i. 

NORTHERN EUROPE. Part 11. THE MEDITERRANEAN 
AND ITS PENINSULAS. By Charles E. Moberly, M.A., 
fornurly Scholar of BcUliol College^ Oxford, Small ^o, [In t/u Press, 

Crown Svo. y, 6d, 

At Home and Abroad ; or, First Lessons in 

Geography. By j. k. Laughton, m. a. , f. r. a. s. , f. r. g. s., 

Mathematical Instructor and Lecturer in Meteorology at the Royal 
Naval College. 

Sixth Edition. i2tno. *js. 6d. 

The First Hebrew Booh, By t. k. Arnold, m.a. 

Key, y. 6d. 
Second Edition. Crown Svo, 2s. 6d. 

The Chorister's Guide. By w. a. barrett, mus. Bac. 

Oxon., Vicar-Choral of St, PauVs Cathedral, Author of ** Floivers 
and Festivals " 6*r. 

Crown Svo. 2s. 6d. 

An introduction to Form and Instrumentation, 

for the use of Beginners in Composition. By w. a. 

Barrett, Mus. Bac. Oxon., Vicar- Choral of St. PauVs Cathedral^ 
Author of *^ Flffiuers attd Festivals,^^ **The Chorister's Guide" ^'c. 
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BY y. HA MB LIN SMITH. 

Elementary Algebra. Small Svo, 3^. Without Answgrs, 2s. 6d, 

Key to Elementary Algebra. Crmun 8w. 9^. 
Exercises on Algebra- Smaii ^0, 2s, 6d, 
Arithmetic, sma/i 8w, 3^. 6^, 
Key to Arithmetic. Cr(Km %vo, ^, 
Elements of Geometry. Smaii ^0, y, 6d, 

Books I. and II., limp cloth, price is, 6d,, may be had separately. 

Key to Elements of Geometry, crozun Svo. 

Trigonometry. Sma/i Svo, 4s. ed. 

Key to Trigonometry. Crown ^vo. y. ed. 

Elementary Statics. Smaii 2^0, 3^. 

Elementary Hydrostatics. Small Svo, 3s. 

Key to Elementary Statics and Hydrostatics. Cr(nvn 

Svo, 6s, 

Book of Enunciations for Hamblin Smith's Geometry, Al- 
gebra, Trigonometry, Statics, and Hydrostatics. Small Svo, is. 

An Introduction to the Study of Heat, small ^0, 3J. 

Latin Grammar, crown ^0, y. 6d. 

Exercises on the Elementary Principles of Latin 

Prose Composition. Crown Svo, y. 6d, 

Key to Exercises on Latin Prose Composition. 

Crozun ^vo. ^s. 

An Elementary Greek Grammar- Crmvn &v, 4?. 6d. 

The Rudiments of English Grammar and Compo- 
sition. Craivfi Svo, 2s, 6d, 

Notes on the Greek Text of the Acts of the Apostles. 

Crown Svo, 4s, 6d, 
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BY ARTHUR SIDGWICK. 

An Introduction to Greek Prose Composition, with 

hxerctses. Crown %rt;o. 5/. 

A First Greek Writer. 

CJCerode Amicitia. with Notes. Smaa%vo. 2s. 

Homer's Iliad, books I. and II. with Notes at the end or the 
u.% of Junior Students. Small %vo, 2s, 6d, 

Homer's Iliad, book xxii. SmaU^vo. u.ed. 
Scenes from Greek Plays. Smaii Sw, eack u. 6c/. 

ARISTOPHANES : The Clouds, The Frogs, The Knights, Plutus. 
KUKIPIDES : Iphigenia in Tauri^ The Cyclops^ Ion, Electra, 
Alccstis, Bacchx, Hecuba. 

BV GEORGE L. BENNETT. 

First Latin Writer. Crawn ^vo. y.6d. A Key. 5/. 

First Latin Exercises. Being the Exercises, with Syntax Rules 
and Vocabularies, from a "P'irst I^tin Writer." Crown &y?. 2j. 6iL 

First Latin Accidence- CrawnUo. is.6d. 

A Second Latin Writer. Cnnvn ^0. y, 6d. a Key. 

Easy Latin Stories for Beginners, with Vocabularies and 

Nulcs. Crowit ^0, 2s, 6(1, A Key. 5j. 

BY R. W. TAYLOR. 
Xenophon's Anabasis of Gyrus, crmvn Svo, Books i. and 

II., 3j. 6tl,; Books III. and IV., y, dd. Also separately. Book 
I., 2s, 6d, \ Book II., 2s. 

Xenoplion's Agesllaus. Crown ^jo. 

A Short Greek Syntax, crown Svo, gd. 

Stories from Ovid in Elegiac Verse, crozm Svo, y, 6<L 

Stories from Ovid in Hexameter Verse, metamor- 
phoses. Crcnvn Svo, 

Scott's Lady of tlie Lake. Forming a Volume of the " English- 
School Classics." Srnail Svo, 2s, ; or in Three Parts, each f^ 
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j9F FRANCIS SrORR. 

Small %vo, 
COWper'S Task. 2j.; or in Three Parts, each ^d. 

Cowper's Simple Poems- u. 

Twenty of Bacon's Essays, u. 

Milton's Paradise Lost. Book I., 9^. ; Book ll., 9^. 

Macaulay'S Essays : Moore's Life of Byron, 9^.5 Bosweirs Life 

of Johnson, 9^. 

I 

Gray's Odes, and Elegy Written in a Country 
Church-yard. u. 

Forming Volumes of the ^^ English School- Classics,*^ 



Crown 8zv. 

The ^neid of Vergil. Books I. and 11., 2s. 6rl.; Books XI. 
and XII., 2s. 6d, 

LeSSing'S Fables. Arranged in order of difficulty. A First German 
Reading Book. Crown ^vo, 2s. 6(1, 

Selections from Hauff's Stories. Edited by w. .E. Mullins, 

M.A., and F. Stokr, M.A. Crozvn S/vo, 4?. 6d. 



BY C. G. GEPP. 

Progressive Exercises in Latin Elegiac Verse. 

Croivn SvOf y, 6d, 

Arnold's Henry's First Latin Book. i2mo, ss, 

Virgil, GeorgiCS. Book IV. Small ^"00, IS, dd. 
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BY THE LATE T K. ARNOLD. 

Henry's First Latin Book. i2vw, 3^. 

Arnold's Henry's First Latin Book. ByC. G. Gepp,m.a. 

i2mo, 3J. 

A Practical Introduction to Latin Prose Composi- 
tion. &/^, 6s, 6d, 

Arnold's Practical Introduction to Latin Prose 

Composition. A New and Revised Editiotf, By George G. 
Bradley, M.A. \In preparation, 

A First Verse Book. \2mo, 2s. 

Eclogae Ovidianae. 12;//^, zs, 6d, 

Cicero de Senectute- i2mo, 2s, 6d. 

Cornelius Nepos. i2mo, 4j. 

A Practical Introduction to Greek Prose Compo- 
sition. 8z/^, $s, 6d, 

Arnold's Practical Introduction to Greek Prose 

Composition. A New and Revised Edition, By Evelyn 
Abboit, M.A., LL.D. 

The First Greek Book. \2mo, 5^. 

Arnold's First Greek Book, a New and Revised Edition, 
By Francis D. Morick, M.A. 

A Practical Introduction to Greek Accidence. 

%vo, 5j. 6d, 

Homer for Beginners : iiiad, Books 1.-111. i2mo, y. ed. 

The Iliad of Homer. i2mo, 12s, 

A Complete Greek and English Lexicon for the 

Poems of Homer and the Homeridae. izmo, gs, 

Demosthenes. i2mo, ' Olynthjac Orations, 3^. ; Philippic Orations, 
4s, ; Oration on the Crown, 4s. 6d, • 

Sophocles. i2mo, Ajax, 3^.; Philoctetes, 3^.; Oedipus Tyrannus, 4s. 

A Phraseological English-Greek Lexicon. Svo, 21s. 
Madvig's Syntax of the Greek Language, especially 

of the Attic Dialect. Imperial i6mo, 8j. 6d. 

The First German Book. i2mo, ss. 6d, 
The First French Book. i2mo, ss. ed. 
TIolb First Hebrew Book. i2mo, 7s. 6d, 
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Abddtt (E.), Arnold'!! Greek Prose 

— Elements of Greek Acciilence 

— HeUenica .... 

— and MnnjJieLd (E.D.), Primei 






lafroD 






AclaiHllA. H. D.X Chron. Handbook 
ALrard (Dean) Greek Testamenl 
Aiblophanes. By W. C Green 

— Scenett from. By A. Sidgwicli 
AristolLe's Etfaiis . 

— Organon. By J. R. Magialh 
AmoId(T.K.),Worit,iby . 

— and Biowne (H), Fradersdorf 

Engl»h Greek Lexicon . 

— Cornelius Nepos 

— UniBiiui' Homeric Lexicon . 
-. 1Jeina:alitnes . 

— EcIogK Ovidians 

— and Fradersdoiff O. W.), Ki 

German Itook and Key . 

— Firal French Book and Key 

— First Greek Book and Key 
revised l)y F. II. Morice 

--"--■-indKey 



— First Hebrew 

— rimVeKeBookan 

— CJrcek Accidence 

— (ircek ftoBC Comp- - — 

— —nviaedby E. Abbott 



_ _ id Key 

d by U. U. Gepp . 
Iliad for Beginners 



— ModvuF^s Gi 
-KoplMiles 



Baker (W.), Devoiiomi for Boys 
Barrett (W. A.), Uiorister's Gmd 

— Form and Instrumentation 
Bennell (tt. I^), Works by 

— Easy Latin Stories and Key 



— Second Latin Writer and Key 
BiEi; (C), Latin Prose Exetdses 

— Thucj'didis.Booksi.ii. , 
lilunt (J. H.), Household Theology 

— Keys to Christian Knowledge- 

'ilie HoJy Bible, l-he Prayer 
Book, Church History (An- 
neal and Modem), Church 

Bowen, Campaigns of Napoleon . 
Bradley, Amtild s Lulia Pnse 



IWdee(C.)j 
■(rigfitU",, 

tuildinE Coii.<lruclion, Notes 
.iurton U.), Knglish Grammar . 

C^.sAB, De Bella GalHco 
Calvert IKX Selections from Livy . 
Can (A.), Notes on Si. Luke . 
Catena Clajsicoruni 

Cicero de Amicilia. By A. Sidgwjck 
- de Senectute. ByT. K. Arnold 
Clarke(A.D.},Eiianl!natian Papers 
Cornelius Nepos. By T. K. AmoM 
Cornish (F. 1*0, Oliver Cromwell . 
Crake (A. D.), History of the Church 
under the Roman Empire . 

Cutds (A-'m.J; Tlw'Rmaif En^ 

Davvs (Bishop), History of >:ngland 



Gantiluin{P.J.F.>, E.am.1 
Gem (CG.), Works by . . . 

— Arnold's Henry 5 FirsiLalin Book 

— "Virgll, Georgicp, Book iv. . 
Gibson (C. H.), Easy Greek Book 
Girdleslone (W. H.), Ariihmedc 
Gooiden(W.T.), IniTQ. to Chemisb- 
Gonlbum (Dean), Confirmaiion 
Green (A. H.), GecJogy for Studanl 

Grenfell (E. FX Oamm Emrdse 
Gross (E. J.). Algebia, Part ii. 

Haruv (E. G.\ Antiq. of Greece 
HaulTs Stories, Selections (rom 
Heatley(H. R.), Gradadm . 

_,g"^. Woods 
Herti (H. A.I, Short Readings 
Heslo]) (G. H.)> Demosthenes 
Histcaial Biographies . 
Historical Handbooks . 
Holmes (A.J, Demosthenes . 
Homer for Bumners . 
Homer's Iliad .... 
Horaoe. B^ S.t\.\\Bi*.^ . 

— Rulei Dt ta'iti'SiQTOBisiBSisift 



nus. ByJ. E.SandyE 



Kingdon (M. f),), Gradjuim . 
KilSiBia' (P. A.J, A Yeit'e Bouny 
La PontaJne'i Fabl«. By P. SmitK 
Laughlon, At Home and Abroad . 
t»unCHenriVan),FrHicliS=lKiion^ 
Lnabi's FaWci. ByF. Stor- 
IJV^, SdlnztioiiB from 
Ludaiti Sdccttona fmm . 
M ACHAT H, AilitoUe's OrcanD 
MflBuiiefl-. M.l.TesHliicliun- . 
W™ n.SJ}. Am:m.i.k' of G.W.* 

ManuaJl at ReJuious [ji^lru^tion , 
MBnh»li (]■ M.), Hotaii 0(Kri - 
Ktayvaihcr (j. K,), Cxiiar . 
Moberly, Atcjundcr the Uvait 



igSESiVi 



Moon (e! k.V Pnuaicai Gnek 
Morice(F.DJ,Stori«in Attic Gti 

Mulling [W £4 MWraSunra 



OvrDiAN^'Eclae^ ByAmoU . 
Ovid, SloriM rrom. By Taylor 

— Muamorphosts. ByK.W.Tsyli 

PamI-LOS (T. L.), Terenti Cwiradiie 
P<arHln(i:. H.), English Hiitory . 
Peiham (H. F.}, Roman Revolution 
Pmhu. ByA.Praw . . . 
Phillixills (J. S.), Hamer'i Iliad . 

— ^afcipero't Tempest 

— Stories friun Herodoiiu 
PDwell (F. Vnrk), A Shan Hiitoty . 
l'relor(A.), Persii Satira 
Sahsoub (C), Chnn. Handbook . 
Reid U. S.), Histoty of.''"; Romaiw 

Reynottft (S. ^, Iliad'oTHoaier ! 
HidiMdaon (G.), Conic Section! . 
KigK (A.), Intro, lo Chimistry 
KitchieCP.h Pnclical Greek Method 

ROBers tj. E. T.), Aiislotlc'^Thic^ " 
;ikonJL.), Zen^n 

d Mlin'fr." rV), 



Ma» 

Greek Pi 



Models I 



e Compw 



- Greet S< 

— Latin Prose Compo^tior 

- Lalin Selccled Pieces , 



SccleyfU. G.), Pbi-sictJ Geopapby 
Shakiipcfe'i As You Like It, Ham. 
let, King Lear, Macbeth, Ro- 
meo and Juliet, by Mobcrly . 
— Coriotanus, by R. Whilelaw 
■" Tempest, by J. S. PhilpotB 
^(A^WorLby . 

-etk Plays . 




' — English Giaznma 

— IntrodnciiDn to t¥e Study ofHeU 

— Lalic] Grammar ■ , 
Pimo CnmpoHiion and Key . 

— NoLei OR the Acts . 

— (P.Bo*den),LaFont»ine'^Fat 

— (R. Prowdci, Latin Pro^ Ei. 

Sophock 

StorT(FAWorksby 

— l.^Mne°s FaT^ ' '. 

— Hauff^Slorict . . 



H. Sbni 



Tacitus. ByW 
TancacI: (C. C), 

— Anaba^s of Xenophon 

— Short Greek Syntau . 

— Stories from Ovid in El^iac 
Hemunetet Vene . 

— Xenophon'-i AEesilans 
Terence. By T. L. Fa(Hllon . 
ThucydidcB .... 
VKCQUB.XAV O. W. J.) G. 

Accidence for Sdiaols . 
VergB's lEncid. By F. Slorr . 

— GebrgCci. Book iv. By G«pp . 
WavdpUpb. . 

Whitelaw. ShaVspete'i C..._ 

WUlrst (P. F.), Reign of Lewis XI. 
Wilson (.Sir R. K.), History of 

Modem EnglL'ib Law . 
WoodntH, G.), flerodoti Hislnria 
Wordsworth (Bp.), Gnek Teslaniei 
Wormell's Ptinciples of Dynamics 
Xensphon'i Anabasis of Cymi 



(ZEUucational saiotlis 



Scenes from Greek Plays, 

Rugby Sdition. By Ahthur Sidg- 
wiCK, M.A., Assistant-Master at 
Rugby SchooL 

SmaU%O0, xs,6(Ueack. 

ARISTOPHANES. 
The Clouds. Thb Frogs. Thb 
Knights. Plutus. 

EURIPIDES. 
IphigbniainTauris. Thb Cyclops. 
Ion. Elbctra. Alcbstis. Baccha. 
Hbcuba. 

Hornet^ s Iliad. Edited, with 

Notes, at the end, for the use of Junior 
Students, by Arthur Sidgwick, 
M.A. 

Small Bvo. 

Books I. and II. as. &#. 

Cicero de AmicitiA, Edited, 

with Notes and an Introduction, by 
Arthur Sidgwick, M.A. 

SmaU 8tv. ax. 

An Introduction to Greek 

Pr&st CotHpositioH, By Arthur 
Sidgwick, M.A. 

Stcond EditioH. Crown %vo. 51. 

A Kby, for the use of Tutors only, 5s. 

Selections from Lucian, 

With English Notes. By Evblyn 
Abbott. M.A.. LL.D., Fellow and 
Tutor ot Balliol College, Ozfoid. 

Steond Editim, Small ^vo, 3i.6d. 

The Elements of Greek 

Accidence. With Philological Notes. 
By Evblyn Abbott, M.A., LL.D. 

Crown Bvo, 4s, 6d, 

A Primer of Greek Acci- 

dtttce. For the Use of Schools. By 
Evblyn Abbott, M.A., LL.D. ; 
and E. D. Mansfield, MJL, Assist- 
ant-Master at Clifton College. 
With a Preface by John Pbrcival, 
M.A., LL.D., President of Trinity 
College, Oxford. 

Crown Bvo. ax. td. 



Stories from Ovid in 

Elegiac Verte. By R. W. Taylor, 
M.A., Head-Master of Kelly Col- 
lege, Tavistock. 
New Edition, Crown Bvo. y, 6d, 



n^«^^«^k^tf«^ 



Tke Anabasis of Xeno- 

phon. Edited, with Notes and Vocar 
bularies by R W. Taylor, M.A. 
Crown Bvo. 

Books I. and II. v. td. 

Books in. and IV. y.^d. 

First Latin Writer, com- 

pnnng Accidence, the Easier Rules 
of Syntax illustrated by coinons Ez- 
amptes, and Pn^ressive Exercises in 
Elementanr Latin Prose, with Voca- 
bularies. By G. L. Bbnnbtt, M.A., 
Head-Master of the Hi^ School, 
Plymouth; formerly Assistant-Mas- 
ter at Ruby SchooL 

Crown Bvo. 3'*'&'- 
A Kby, for the use of Tutors only, sx. 

Ea^ Latin Stories for 

BeginMen. With Notes and Voca- 
buuuri^ by G. L. Bbnnbtt, M.A. 
Second Edition, Crown Bvo. ax. 6d. 
A Kby, for the use of Tutors only. 5X. 

Arnold's Henry's First 

Latin Book, A New and Revised 
Edition, x^mo. y. ByCG.GBPP, 
M.A., Head-Master of King Ed- 
ward VI. School, Stratfoid-upon- 
Avon. 
A Kby, for the use of Tutors only, y, 
[The original Edition of this work is 
still kept on sale.] 

Progressive Exercises in 

Latin Elegiac Verse, ByC G. Gbpp, 
M.A. 
Fourth Edition, Revised, Crown Bvo, 
y. 6d, Tutor's KBY, ss. 

The jEneid of Vergil 

Edited, with Notes at the end, by 
Francis Storr, M. A., Chief Master 
of Modem Subjects at Merchant 
Taylors' School, late Scholar of 
Trinity CoUege, Cambridge. 
Crown Bvo, 
Books I. and II. ax. M, 
Books XI. and XII. ax; 6d, 
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enucational motk» 



The Beginner's Drill-book 

of English Gnuomar. Adapted for 
Middle Class anoElementarySchools. 
By Jambs Burton, T.C.j3.» First 
English Master in the High School' 
of ue Liverpool Institute. 

SmaiiBva. is, td. 

La Fontaines Fables, 

Books I. and II. Edited, with 
English Notes at the end, for use in 
Schools, by tlie Rev. P. Bowdbn- 
Smith, M.A., As^tant-Mastcr at 
Rugby School 

Small Zvo. as. 



« %^,^^.*^^^ ^^^ , y 



Selections from Modern 

French Authors. Edited, with Eng- 
lish Notes and Introductory Notice, 
by Hbmri Van Laun. 

Crown Zvo, 3J. 6</. each. 

HONORS DE BALZAC 
H. A. TAINE. 

Lessing's Fables, Arranged 

in order of difhailty. Forming a 
First German Reading Book. With 
Notes, Introduction,and Vocabularies, 
by F. Storr, M.A. 

Crown %vo. 2s. 6d, 

Selections from Hauff's 

Stories. A First German Reading 
Book for Schools. Edited by W. E. 
MuLLiNS, M.A., Assistant-Master 
at Marlborough College, and F. 
Storr, M.A. 

Crown Bvo. 4^ . 6r/. 



A German Accidence^ for 

the Use of Schools. By J. W. J. 
Vbcqubrav, Assistant-Master at 
Rugby School 
New Edition^ Revised, ^to. 31. td. 



t^f^0^0^0^^^f^^^^^^^^*^*^^^^^^^^^^^^^^^^^^^^^^'^ w 



German Exercises. Adapted 

to Vecqueray's "German Accidence 
for the Use of Schools." By E. F. 
Gkbnkull, M.A., late Assistxuit- 
Master at Rugby School 
Crown 8vo. 

Part I. 2*. Part II. aj. 6d. 



Select Plays of Sliakspere. 

Rugby Edition. 

Small Svo. 

AS YOU LIKE IT. as. 
MACBETH, as. 
HAMLET. as.6d. 
KING LEAR. as. 6d. 

Edited bv the Rev. Charlbs E. 

Mobbrlv, M. a., .^sistant-Master at 

Rugby School 

CORIOLANUS. as,6d. 

Edited by Robbrt Wkitblaw, 
M.A, Assistant-Master at Rugby 
School 

THE TEMPEST, as. 

Edited by J. Surtbbs Phillfotts, 
M.A. , Head-Master of Bedford Gram- 
mar School 

A History of England. 

By the Rev. T. Franck Bright, 
M.A., Feflow 9i University College, 
Oxford. 

With numerous Ma^s emd Plans, 
Second Edition. Crown Zvo. 

Period I. — MEDiiBVAL Monarchy : 
llie Departure of the Romans to 
Richard III. A.D. 449 — 1485. 4^. 6<^ 

Period II. — Personal Monarchy : 
Henry VII. to James II. a.d. 1485 
—1688. 5*. 

Period III.— Constitutional Mon- 
archy: William and Mary to the 
Present Time. a. d. 1689 — 1837. 7^.^ 

Historical Biographies. 

Edited by the Rev. M. Crbighton, 
M.A., late Fellow and Tutor of Mer^ 
ton College, Oxford. 

With Maps and Plans. Small Svo. 

SIMON DE MONTFORT. as. 6d. 

THE BLACK PRINCE, as. 6d. 

SIR WALTER RALEGH. 3s. 

THE DUKE OF WELLINGTON. 
3*. 6d. 

THE DUKE OF MARLBOROUGH. 

3*. 6d. 



A Year's Botany, Adapted 

to Home and School Use. By 
Frances Anna Kitchbnbr. 

Illustrated by the Author. 

Second Edition. Crown %vo. $$, 
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